Solutions 2002 AMC 10 P 2
1. (C) Since (2%)® =232 and (4%)? = 46 = 232 we have

(24)8 232
(48)2 ~ 932

=1

2. (B) Let n be the smallest of the eleven integers. Then

2002=n+Mn+1)+n+2)+...+ (n+10)
=1ln+(1+2+3+...+10)
= 11n + (10)(11)/2
= 11n + 55.

Solving 11n + 55 = 2002 yields n = 177.

3. (D) Imagine six spaces to hold the six digits. We can place the two 1s in two of

the spaces in (g) = %L! = 15 ways. (The digits 2, 0, 0, and 2 can then occupy

the remaining four spaces.)

4. (C) For 4%5Y6* = 222T23%5Y both to be a perfect square, the exponent on each
prime must be even. That is, y and z must be even. Ounly choice (C) satisfies
this condition.

5. (C) Since

= ay —|—
We see that asgoe = 1+ % = 668.

6. (D) Let the sides of the rectangle be [ and w. We are given that [ + w = 50 and
that 1% + w? = x2. Now observe that

2w = (1 +w)* — (I* +w?)
= 2500 — 22

and hence the area of the rectangle is lw = W = 1250 — ””2—2
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7. (B) Let a,b,c be the dimensions of the box, a < b < ¢. Since abc = 2002 =
2:7-11-13, the only possible triples (a, b, ¢) are (1,1,2002), (1,2,1001), (1,7,286),
(1,11,182), (1,13,154), (1,14,143), (1,22,91), (1,26,77), (2,7,143), (2,11,91),
(2,13,77), (7,11,26), (7,13,22), and (11,13,14). Among these, the last triple
gives the minimum sum, 38.

8. (E) Because 64 = 25, we see that 64 is a sixth power, a cube, a square, as well as a
first power. Therefore, z = 6,3, 2, or 1. For z = 6 we have only (z,y) = (2, 1);
for z = 3 we have (z,y) = (4,1), and (2,2); for z = 2 we have (z,y) = (8,1)
and (2,3); and for z = 1 we have (z,y) = (64,1), (8,2), and (2,6). There
are nine solutions in all.

9. (B) Checking the first few values, we find

ug = 4

uy = f(4) =5
U2:f(5):2
uz = f(2) =1
u4=f(1):4
us = f(4) =5
ug = f(5) =2

In general, we see that usry; = u;, where k is any integer greater than or
equal to zero. Hence, U2002 = U4.5004+2 = U2 = 2.

10. (C) Multiplying both sides of the given equation by b(b + 10a) yields
2ab + 10a® + 10b* = 2b° + 20ab
which is equivalent to (a — b)(5a — 4b) = 0. Since a # b, we have 5a = 4b, or
4 =0.38.
b

11. (A) The expression z—2 is a factor of P(z) if and only if P(2) = 0 = 8k+8k>+k3 =
k(k? + 8k + 8). The values of k are therefore 0 and %‘/@ and the sum of
these real numbers is —8.

12. (C) Evaluating the four values we find that

(f11(a) fra(a))™ = (a24) a®%
fun(a) fiz(a) fra(a) = a®

(fll(f13( )))14 (a13 11) 2002

fir(fis(fra(a))) = (@"*12)H = a2

Hence the answer is (C).
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If m and w are the current numbers of men and women, respectively, then we

have
m w m+w

1.05  1.20  1.10

or

m 1 I | 1

w \1.05 1.10/ 1.10 1.20°
It follows that 7> = % so that mT'H” = %7 and mLﬂ) = %.

In fact, regradless of the size of angle EI1D, the area of quadrilateral EIDJ
will always be i. Let K be the foot of the perpendicular from E to CD and
let L be the foot of the perpendicular from E to AD. Then, because right
triangle FK 1T is congruent to right triangle E'LJ, the area of quadrilateral
EIDJ equals the area of square EK DL which equals i.

Consider the set of eight disjoint pairs, {(1,9), (2,10), (3,11), (4,12), (5,13),
(6,14), (7,15), (8,16)}. Because only four members of {1,2,3,...,20} are not
members of these pairs, any subset of size 13 must contain both members of
at least one of these pairs and thus must contain two numbers that differ by
8. The answer is (D) because the twelve element subset {1, 2, 3, 4, 5, 6, 7, 8,
17, 18, 19, 20} contains no two numbers differing by 8.

Let the fly be x meters from the ceiling. Then the fly and point P determine
a major diagonal of the rectangular parallelepiped having dimensions 1, 8,
and z. Therefore, 12 + 82 + 22 = 92, and it follows that = = 4.

There are (20202) = w = 1001 - 2001 possible pairs that can be drawn.

There are 10012 pairs of different colored marbles, so Py = %. There-
fore, P, =1— P; = %, and |Ps — Py| = ﬁ.

Because n3 —8n%+20n—13 = (n—1)(n? — Tn+13), for the value to be prime
one factor must equal 1 and the other factor must be prime. Forn—1=1 we
must have n = 2, and in this case the other factor is the prime 3. Son = 2 is
a solution. For n? —7n+ 13 =1, we have n? — Tn+12=0= (n —4)(n — 3),
so we must have n = 3 or 4, and in each case the other factor is prime (2 and
3, respectively). Therefore n® — 8n? + 20n — 13 is a prime for three positive
integer values of n.

Adding the three equations we obtain
(a® + 6a) + (b* + 2b) + (¢ + 4c) = —14,
which is equivalent to
(a+3)2+(b+1)2+(c+2)?2=0.

Therefore a = =3, b= —1, c= —2, and a? + b 4 c® = 14.
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Let U be the set of all three-digit numbers, let S be the set of three-digit
numbers that contain no 2s, and let T" be the set of three digit numbers that
contain no 3s. Then SNT is the set of three-digit numbers containing neither
a2mnora3dand U— (SUT) is the set of three-digit numbers containing
at least one 2 and at least one 3. We have |U| = 900, |S| = |T| = 8 - 9%,
and |[SNT| = 782 Therefore [SUT| = |S| + |T| — |SNT| = 848, and
U - (SuT)| =52

Setting = 2, and then x = 1001, we have f(2)+2(1001) = 6 and f(1001)+
2f(2) = 3003. Subtracting the first equation from twice the second equation
we obtain 3f(2) = 6000, so f(2) = 2000. Note that f(z) = 22 — z is such a
function.

The number of zeros at the end of n! is the largest power of 10 that is a factor
of n!. It is also the largest power of 5 that divides n!. In general, the largest
power of the prime p in the prime factorization of n! is

nl o) fnl,
5 52 53
Therefore the largest power of 5 that is a factor of
2002 n 2002 n 2002 n 2002
5 52 53 54
1000 1000 1000 1000
—9 = (4 1
(1200 1 200 1990 1990 ) a1

—2(200 4 40 + 8 4 1)

2002!

(too1nz 18

=1.
We have
b 12-+ 22--12_Jr 32--22_+ 42 — 32 - 10012 — 10002 10012
a—b=— . — .
1 3 5 7 2001 2003
Since (kzz)j;kQ = g’;ﬂ =1 for all k > 0, it follows that
10012
—hb=14+14+---+1—
a u,_—F/ 2003
1001 times
10012
= 1001 —
00 2003

~ 1001 — 500.25 =~ 500.75.
So the closest integer is 501.

Since 12 4+ 22 + 32 + ... 4+ 182 > 2002, it follows that n < 17. Then note that
12422432 4... 4192 — 182 — 122 = 2002, hence n = 17.
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25. (D) If there are ¢ (¢ > 0) correct answers and u (u > 0) unanswered questions
and ¢ + u < 25, then the score is 6¢ + 2.5u. If ¢ is sufficiently large and w is
sufficiently small, the same score will be obtained with ¢ — 5 correct answers
and u + 12 unanswered questions (this requires ¢ + u < 18), and also with
¢ — 10 correct answers and u + 24 unanswered questions. Note that in the
latter case we must have ¢ > 10 and ¢ + u < 11. Therefore, for there to be
three ways to obtain the score 6¢ + 2.5u we can only have ¢ = 10 and u = 0,
orc=10and u =1, or ¢ = 11 and v = 0. The three such scores are 60, 62.5,
and 66, and their sum is 188.5



