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1. Let S be a set with 2002 elements, and let N be an integer with 0 < N < 22002 Prove
that it is possible to color every subset of S either blue or red so that the following
conditions hold:

(a) the union of any two red subsets is white;
(b) the union of any two blue subsets is black;
(c) there are exactly N red subsets.

The claim holds when 2002 is replaced by any natural number n.

Solution:  We prove that this can be done for any n-element set, where n is an
positive integer, S, = {1,2,...,n } and integer N with 0 < N < 2",

We induct on n. The base case n = 1 is trivial. Assume that the desired coloring can
be done to the subsets of set S, = {1,2,...,n} and integer N, with 0 < N <2". We
show that there is a desired coloring for set 5,11 = {1,2,...,n,n+ 1} and integer N
with 0 < N,y < 2" We consider the following cases.

(i) 0 < Npy1 < 2" Applying the induction hypothesis to S, and N, = N,41,we
geet a coloring of all subsets of ), satisfying conditions (a), (b), (¢). All uncolored
subsets of 5,11 contains element n 4+ 1, we color all of them blue. It is not hard
to see that this coloring of all the subsets of S,4; satisfying conditions (a), (b),
().

(i) 2* + 1 < N,yp < 21 Applying the induction hypothesis to S, and N, =
27tL — N1, we geet a coloring of all subsets of 5, satisfying conditions (a), (b),
(c). All uncolored subsets of S,+1 contains element n 4+ 1, we color all of them
blue. Finally, we switch the color of each subset: if it is blue now, we recolor it
red; it is red now, we recolor it blue. It is not hard to see that this coloring of all
the subsets of S,41 satisfying conditions (a), (b), (¢).

Thus our induction is complete.

2. Let ABC be a triangle such that

téz—l—ZtEQ—l—i’)tgz—6—82
co2 co2 C02—7r,

where s and r denote its semiperimeter and its inradius, respectively. Prove that
triangle ABC is similar to a triangle T" whose side lengths are all positive integers with
no common divisor and determine these integers.



Solution: Let D be the point of tangency of the incircle of triangle ABC and side

AB. Then Al = r and AE = s — a, where [ is the incenter of triangle ABC. Hence

u=4E — =2 [ikewise, v = 2= and w =
Al r ? r

s$—c¢C

. Since
.
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we can rewrite the given relation as
49[u® + 4v* + 9w?] = 36(u + v + w)?,
Exapnding the last equality and cancelling the like terms, we obtain
13u® 4+ 1600 + 405w — 72(uv + vw + wu) = 0,
or
(3u —120)* + (4v — 9w)* 4 (18w — 2u)* = 0.

Therefore v : v : w =1:4:9. This can also be realized by recognizing the given
relation is the equality of case the Cauchy-Schwarz Inequality

(62 +3%2 4 22)[u2 + (21})2 + (3w)2] >6-u+3-20+2- 3w)2

It follows that
s—a s—b s—¢c 2s—b-—c 2s—c—a 2s—a-b a b c
36 9 4 9+4 4436 36+9 13 40 45
that is, triangle ABC' is similar to a triangle with side lengths 13, 40, 45.

. Prove that any monic polynomial (a polynomial with leading coefficient 1) of degree n
with real coefficients is the average of two monic polynomials of degree n with n real
roots.

Solution: Let f(2) be monic real polynomial of degree n. If n =1, then f(z) = 2+a
for some real number a. It is easy to see that f(x) is the average of x + 2a and z, each
of which has 1 real root. Now we assume that n > 1. Let polynomial

g(z) = (x = 2)(z —4) -+ (. = 2(n — 1)).
The degree of g(x) is n — 1. Consider the polynomials

pla) =a" —kg(x) and q(z)=2f(x) = p(x) = 2f(x) — 2" + kg(x).

We will show that for large enough k these two polynomials have n real roots. Since
they are monic and their average is clearly f(x), this will solve the problem.

Consider the values of polynomial g(x) at n points © = 1,3,5,...,2n — 1. These values
alternate in sign and are at least 1 (since at most two of the factors have magnitude
1 and the others have magnitude at least 2). On the other hand, there is a constant
¢ > 0 such that for 0 < & < n, we have |2"| < ¢ and [2f(x) — 2"| < ¢. Take k > ¢
Then we see that p(x) and ¢g(x) evaluated at n points @ = 1,3,5,...,2n—1 alternate in
sign. Thus polynomials p(x) and ¢(x) each has at least n —1 real roots. How ever since
they are polynomials of degree n, they must then each have n real roots, as desired.



4. Let R be the set of real numbers. Determine all functions f : R — R such that

fla® —y?) = af(x) —yf(y)

for all pairs of real numbers = and y.

Solution: Setting @ = y = 0 in the given condition yields f(0) = 0. Since
—af(=2) = yfy) = fl(=2)" =yl = f(a —y*) = 2 f(z) — y[(y),

we have f(x) = —f(«) for  # 0. Hence f(x) is odd. From now on, we assume x,y > 0.

Setting y = 0 in the given condition yields f(2?) = zf(x). Hence f(z* — y?) =
f(@?) — f(y*), or, f(2?) = f(2* —y*) + f(y?). Since for x > 0 there is a unique ¢ > 0
such that t? = x, it follows that

flx) = fle—y)+ fy) (1)
Setting = = 2t and y = ¢ in (1) gives
f2t) =2f(1). (2)
Setting # = ¢ 4+ 1 and y = ¢ in the given condition yields
fRIAD) =+ 1)f(t+1) —tf(1). (3)
By (2) and by setting # = 2t + 1 and y = 1 in (1), the left-hand side of (3) becomes
fRt+1) = f(2t) + f(1) = 2f() + f(1). (4)

On the other hand, by setting # = ¢+ 1 and y = 1 in (1), the right-hand side of (3)
reads

E+DfE+D) =tf() =+ DO+ fO)] =tf() = fO)+ 4+ 1) f(1).  (5)
Putting (3), (4), and (5) together leads to 2f(¢) + f(1) = f(t) + (t + 1) f(1), or,
ft)y=tf(1)

for t > 0. Recall that f(z) is odd, we conclude that f(—t) = —f(t) = —tf(1) for t > 0.
Hence f(x) = ka for all #, where k = f(1) is a constant. It is not difficult to see that
all such functions indeed satisfy the conditions of the problem.

5. Let a,b be integers greater than 2. Prove that there exists a positive integer k and a
finite sequence ny,ny, ... ,n; of positive integers such that ny = a,np = b, and n;n;14
is divisible by n; + n41 for each i (1 <1 < k).

Solution: We write a <> b if the desired sequence exists. Note that for positive
integer n with n > 3, n <+ 2n as the sequence

ni=n, ng=n(n—1), ng=n(n—1)(n —2), ng =n(n—2), ns =2n



satisfies the conditions of the problem. For positive integer n > 4, n’ = (n—1)(n—2) >
3, hence n’ < 2n’ by the above argument. It follows that n <+ n — 1 for n > 4 by
n’ < 2n’ and by the sequences

ni=mn, ng=n(n—1), ngs=n(n—1)(n —2), ng =n(n—1)(n —2)(n —3),
ns =2(n—1)(n —2) =2n'

and nf =n’ = (n—1)(n —2), ny, = n— 1. Iterating this, we connect all integers larger
than 2.

. I have an n x n sheet of stamps, from which I've been asked to tear out blocks of three
adjacent stamps in a single row or column. (I can only tear along the perforations
separating adjacent stamps, and each block must come out of a sheet in one piece.)
Let b(n) be the smallest number of blocks I can tear out and make it impossible to
tear out any more blocks. Prove that there are constants ¢ and d such that

1 1
?nz —en <b(n) < gnz +dn
for all n > 0.

Solution: The upper bound requires an example of a set of énz + dn blocks whose
removal makes it impossible to remove any further blocks. It suffices to show that we
can tile the plane by tiles containing one block for every five stamps so that no more
blocks can be chosen. Two such tilings are shown below with one tile outlined in heavy
lines.

Given an n x n section of the tiling take all blocks lying entirely within that section
and add as many additional blocks as possible. If the basic tile is contained in an
m + 1 x m 4+ 1 square, then the n x n section is covered by tiles contained in a
concentric (n + 2m) x (n + 2m) square. Hence there are at most é(n + 2m)? blocks
entirely within the section. For an n x n section of the tiling, there are at most 4n
blocks which lie partially in and partially out of that section (hence these block contain
at most 8n stamps in the n x n square) and each of the additional blocks must contain



one of these stamps. Thus there are at most 8n additional blocks. Thus there are at

most

Am? + 4m + 40
n

1 1
g(n—l—Zm)z—l—Sng gnQ—l— F

blocks total.

The lower bound requires an argument. Suppose that we have a set of b(n) blocks
whose removal makes removing any further blocks impossible.

1)

There are 2n(n — 2) potential blocks of three consecutive stamps in a row or
column. Fach of these must meet at least one of the b(n) blocks removed. Con-
versely, each of the b(n) blocks removed meets at most 14 of these potential blocks
(5 oriented the same way, including itself, and 9 oriented the orthogonal way).
Therefore 14b(n) > 2n(n — 2) or

Call a stamp used if it belongs to one of the b(n) removed blocks. Consider the
(n — 2)? five-stamp crosses centered at each stamp not on an edge of the sheet.
Fach cross must contain two used stamps. (One stamp not in the center is not
enough to prevent another block from being torn out, and it is impossible to use
one stamp in the center and use no other stamps in the cross.) In addition, each
block not lying along an edge of the sheet lies entirely inside one cross, which
thus contains three used stamps. There are at most 4n/3 of the b(n) blocks lying
along the edges, hence there are at least b(n) —4n/3 crosses containing three used
stamps.

Now count the number of pairs of a used stamp and a cross containing that
stamp, in two ways. First counting block by block, we get 3b(n) used stamps,
and each used stamp is contained in at most five crosses (exactly five if it is not
on an edge), for a total of at most 15b(n) pairs. Next, counting cross by cross,
each of the (n — 2)? crosses contains at least two used stamps and we have at
least b(n) — 4n/3 crosses containing three used stamps, for a total of at least

2(n — 2)* 4+ b(n) — 4n/3 pairs. Therefore

15b(n) > 2(n — 22 + b(n) — %”
or
1, 16
b(n) > T

Call a stamp used if it belongs to one of the b(n) removed blocks. Count the
number of pairs consisting of a used stamp and an adjacent unused stamp, in two
ways.

There are at least (n —2)? — 3b(n) unused stamps which are not on an edge. Since
no more blocks can be torn out, either the stamp to the left or right and either



the stamp above or below such an unused stamp must be used. Thus we have at
least 2n? — 8n — 6b(n) such pairs.

Each block removed is adjacent to at most eight other stamps. However these
eight stamps contain two blocks of three consecutive stamps. Hence at most six
of these eight stamps can be unused. Thus each of the b(n) block removed is
involved in at most six pairs. Thus there are at most 6b(n) pairs.

Combining these we have
6b(n) > 2n® — 8n — 6b(n),

or

Note: This problem was inspired by a paper of Manjul Bhargava (Mistilings of
the plane with rectangles, to appear), in which the improved lower bound

4
b(n) > —n*—cn
21

is obtained by a rather complicated argument. It is believed that in fact b(n) >
énz — ¢n, but the fact that there are essentially two different equality cases makes
this extremely difficult to prove. The aforementioned paper also treats rectangles
of other sizes for which there is only one optimal arrangement; in those cases one

can achieve upper and lower bounds with the same quadratic constant.
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