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In the first two parts of this study, the electromagnetic field components were derived for infinitely long, flat-
tened Gaussian laser beams [J. Opt. Soc. Am. B 23, 2157 and J. Opt. Soc. Am. B 23, 2166 (2006)]. These results
are now extended without approximation to allow for finite laser pulses having an arbitrary duration begin-
ning with the standard Gaussian beam profile and then generalizing these results to a flattened Gaussian. The
resulting models thus allow for all pulse durations and spot sizes from infinite, paraxial beams to single-cycle,
wavelength-size spots, with a savings of more than 2 orders of magnitude in computation time. Pulses having
fewer than ten cycles exhibit significant modification from the monochromatic fields as a result of the finite
bandwidth. Specifically, the energy in the focus is shown to decrease from the theoretical value of 86.5% to as
low as 72.2% for a single-cycle pulse. © 2006 Optical Society of America

OCIS codes: 140.7090, 260.2110, 070.2580.

1. INTRODUCTION

Since the advent of chirped pulse amplification, ever
shorter laser pulses—approaching the single-cycle limit—
have been sought.l’2 Even a cursory review of the optics
literature shows the enormous effort being expended to
generate few-cycle fields. Research is ongoing using com-
pression by ionization,”  Raman scattering,‘l’5
ﬁlamenta‘cion,6 dielectric reﬂectors,7 hollow-core ﬁbers,8
molecular phase modulation,” and even deformable
mirrors.'? Such ultrashort laser pulses find application in
many areas of current interest including the acceleration
of high-energy monoenergetic electrons; high harmonic
generation; photoionization; and control of molecular dy-
namics, vibrational wave packets, and above-threshold
ionization as well as in pump-probe experiments observ-
ing the evolution of chemical reactions, melting of solids,
and electron motion within solids.™*

With few-cycle lasers available and development pro-
gressing at a high rate, detailed vector models of the
fields are now needed to describe experiments using such
pulses. Molecular dynamics in few-cycle pulses, for ex-
ample, has recently been shown to depend directly on the
electric field and not simply on the intensity
distribution.'>? Additionally, to correctly describe even
an intensity-driven process such as near-threshold ioniza-
tion, the energy distribution within the laser focus must
be known accurately, which is dramatically affected by
the inclusion of the laser bandwidth.?>?® The need for ac-
curate and robust field descriptions for all pulse lengths
including the relatively small off-polarization field compo-
nents has also been underscored many times both theo-
retically and experimentally in laser—plasma and direct
laser—electron interactions.”"

Focused laser vector field models have existed for some
time beginning with the standard paraxial result.?* Lax
et al.,® followed quickly by many others,3*% derived
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higher-order nonparaxial corrections to this theory, and
finite pulse corrections have also been added to these per-
turbative expansions through an additional perturbative
series.***! For some time a Fourier-transform solution for
a monochromatic Gaussian laser beam has also been
known. Cicchitelli ez al.! seem to be the first to have re-
introduced this to the laser community followed by at
least three others.'"?%4243 References 11 and 28 also for-
mally show the integral transform solution including a fi-
nite pulse duration. Recently, the monochromatic integral
transform solution has been evaluated analytically for all
laser spot sizes, decreasing the required computation
time for each component by 2 orders of magnitude.* ™6
These solutions also allow for a more general flattened
Gaussian radial profile of laser intensity in the focal plane
instead of only the standard Gaussian of the previous so-
lutions. The finite pulse solution of Refs. 11 and 28 has
also been evaluated analytically for Gaussian beams hav-
ing spot sizes of the order of a few wavelengths, saving an
additional 2 orders of magnitude in computation time
over numerical evaluation of the integral solution.?® With
these analytical solutions in hand, the stage is set to de-
velop the field components of a laser having a general
flattened Gaussian profile for all spot sizes and any pulse
duration.

2. BACKGROUND

The focused laser electric field components for a beam
propagating along z and linearly polarized in x resulting
from the Fourier-transform solution described above are

EO x2_y2 y2 o
Ex=? 11+T12+r—213 e 7o,

Eyxy| 2 i
Ey=?r—2 ;12—13 e o,
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E.= lﬁf} ei(¢0=/2) (1)
z~ 62 r 4 s

and the magnetic field is identical following the transfor-
mation (x,y)—(y,x). The parameter ¢, is the carrier-
envelope phase, 72=x%+y2, the terms I; to I, are known
integrals, and the wavenumber k=w/c=27/\ and waist w
define the beam diffraction angle e=2/kw. Since each fre-
quency component of a finite pulse is, in practice, focused
by the same optic with a fixed f-number—defined as the
ratio of the optic’s focal length to its diameter—and from
diffraction theory w=4(f-number)/k, € is not a function of
the laser frequency.

Given a monochromatic field solution, a finite pulse can
be constructed by summing many such solutions of vary-
ing frequency with the contribution to the total polychro-
matic field from each frequency component determined by
the temporal envelope imposed on the beam. This is, of
course, a continuous sum—an integral. More concretely,
given a temporal envelope f(¢), the relative magnitude of
each frequency component o is given by the Fourier
transform of f(¢)exp(—iwyt) defined as

_ 1~
flo-wy) = — f ft)e! = lide,
2 i

where o is the laser carrier frequency. The field integrals
I, to I, in Eqgs. (1) for a pulse having temporal envelope
f(t) can then be written formally as

. 1
I, = f ?(a) - a)o)e‘i"’tf e(m + m?)Jy(A)dmdo,
—o 0

—lwt 1
f © - wo)_ et J (A1 - m*dmdo,

0

. 1
flw- wo)e'i“’tJ e’ Jo(A)(1 - m?)dmdo,
o 0

. 1
I,= f flo- wo)e_i“tJ e’r(m)J(A)dmdo, 2)
- 0

where the inner integration is the standard infinite beam
solution for a Gaussian intensity profile, A=kry1-m?, u
=ikzm+(m?-1)/€, and k(m)=(1+m)\y1-m?2.

In this paper, beginning with the monochromatic solu-
tions of Parts I and II of this study, the electromagnetic
field components for a general flattened Gaussian laser
profile are derived allowing now for an arbitrary pulse
duration.*>*® First, in Subsections 3.A and 3.B, a tightly
focused (i.e., wg~N\y) Gaussian beam with a cosine-
squared pulse envelope is derived and some important
limits are explored. In Subsection 3.C this is extended to
allow for the more general flattened Gaussian beam pro-
file. In Section 4, Eqgs. (1) and (2) are solved assuming a
large focal spot (i.e., wy>\g) and a Gaussian temporal en-
velope: first, for a Gaussian beam and then for a flattened
Gaussian. In Section 5 we discuss the effect of including a
finite laser bandwidth on the beam itself. As the pulse du-
ration decreases below ten cycles—roughly 27 fs for a Ti-
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:sapphire pulse, for example—the laser fields begin to ex-
hibit significant alteration relative to monochromatic
fields. An important change in the character of the fields
occurs in the fraction of the laser energy in the focus. For
an infinite-duration Gaussian beam, this is equal to 1
—exp(-2)=~86.47%. For pulses having fewer than five
cycles, this fraction drops precipitously, decreasing to as
low as 72.26% for a single-cycle pulse. Comments are also
made regarding the stability of this model at all times
and positions and the more than 2 orders-of-magnitude
savings in computation time afforded by this technique.

The fields derived in this paper completely characterize
the vector nature of any diffraction-limited laser whose
focal-plane profile can be described as f(r?)exp(-r2/w?) for
any well-behaved f(2) focused to an arbitrary spot size w
and having any pulse duration even down to a single
cycle. Of course, these models can also be used to describe
the scalar properties of such laser pulses as well since [
=U?[[EP*+|B[].

3. LARGE-NUMERICAL-APERTURE
FOCUSING

A. Gaussian Intensity Profile

In Part I of this study,*® the monochromatic functions I,
are computed for a beam having a nominally Gaussian
focal-plane distribution expressed as E,(z=0)=B,(z=0)
=Eexp(-r /wo) giving the result

I =27 4 CW( )Js(wp) 3)
s=0
22 T 2
12 = - _ze—zmotz bs,Oisar|:C;/2<_>js(wl_)):| ’ (4)
w s=0 p

13 — 2e—im0t2 &, scl/Z( )Js(wp) (5)
s=0

[C ' ( )Js(wp)} (6)

where J,.(-) is the derivative with respect to r; Cg‘(x) are
the Gegenbauer polynomials; js(x) are the spherical
Bessel functions of the first kind; p?=r2+22; p=p/c; and

2c .
I=i—e 0t d i

o 5=0

as o, bs,O’ 5,0 and ds,O are given by the recursion

7 1 d+1 d+1 1 (1/€2)
b =—(-1 o 0T o N ’
0d 4( ie)*y 2 =)

bl,d = 3bO,d+17

i 2s-1 i s-1 i
s,d = s s=1,d+1 — m s=2,d |»

where y(n,x) is the lower incomplete gamma function,
45,47
and™”

Asd= bs,d+1 + bs,d+27
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A A

és,oi = bs,d - bs,d+2:

A

&s,d = Bs,d + bs,d+1- (7)

As each of these parameters is only a function of the dif-
fraction angle e, the only frequency dependence present in
these four expressions [Eqs. (3)-(6)] is of the form
o (wp) for n=0,1,2. Thus, to evaluate the finite pulse
integrals of Egs. (2) and generate the polychromatic
fields, only the three integrals

Lop=20° J flo - wgle = " (wp)dw

need to be evaluated for all nonnegative integers s and
n=0,1,2. The polychromatic electric—and hence mag-
netic field—components are still given formally by Eqgs.
(1), and the functions I; -1, are defined according to Eqgs.
(2) to account for the laser bandwidth as

I z
11 = e_lmotE ds,OC;&( _)Is,07 (8)
s=0 p

cr 2 cz z z
I,= _e—sztE bs,O (_2> C?ﬁ(‘)%g - lC;/Z( _>
[ p p p

§Ze 11+ (s+1)Zgq1
X , 9
2s +1

R z
13 = e—zwotz éss,OCSI/z( ;)IS,O’ (10)

s=0

ro 2 cz z z
Ij=——e7 'Y d o) i |C¥4| - | T, + CY2( -
P p p p

|:st—1,0 +(s+ l)Is+l,0:| }
X , (11)

2s +1

taking sZ,_; y=0 when s=0.

For an infinitely long beam, f(¢)=1 and }7(w—w0)=5(w
—wg) where 8(x) is the Dirac delta function, and the mono-
chromatic solution of Eqs. (3)—(6) is recovered. For more
complicated envelopes such as a cosine-squared pulse,
f(t)=cos?(mt/2A7), the integrals T, , become difficult to
evaluate directly. They can, however, also be cast in the
time domain by making use of the convolution theorem
g’iving48

A )
Zsn= —f f(t = T)H,(T)e'"dT, (12)
™ -

where f(t—T) is the temporal envelope translated by 7'
and H,(T) is the inverse Fourier transform of ™) (wp):

Hn(T)=f Js(@p)o e dw, (13)

which can be evaluated exactly.
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The function Hy(T) has been worked out by Ludu and
O’Connell and is simply the inverse Fourier transform of
the spherical Bessel function of the first kind*®:

2k<s
Hy(T) = i rect<j) > CP(= 1)kphosie-2k,
P/ k=0

where rect(T/p)=[H(T+p)-H(T-p)], H(x) is the Heavi-
side step function that is zero for x <0 and one for x>0,
and the constants CE:) are given by the recursion

(+1nCy=108p - @20+ 1)CY

for CV'=1, C'?'=1/2, and C{'=0 for all (s, k) <O0.
From Eq. (13) the transforms H{(T) and Hy(T) can be
related to Hy(T) through the equations

dH, ) ’H,
d—T=—lHo(T), d—T2=—Ho(T)-

Solving each of these ordinary differential equations by
separation of variables first gives the transform H{(T):

o 2k<s C;eS)(_ l)k T s—2k+1 T
Hl(T)=i1—_sk§=;) s—— ok +1 (%) rect(E)
+ (= 1 H(T +p) + (- 1) H(T - 5)]} )

and then the function Hy(T) follows from one additional
integration as

2k<s
Hy(T)=-mi* 3, C(- 1)
k=0
I—) T T s—2k+2
rect| — || —
(s—2k+1)(s-2k+2) (ﬁ)(ﬁ)
MHT b 1) 2*H(T-p
+s_2k+2[ (T+p) -(-1) (T-p)]
ﬂHT b 1) 2*H(T - p)|T
+S_2k+1[ (T+p)+(-1) (T-pIT ¢,

completing the specification of the time-domain form of
T, , of Eq. (12).

For a cosine-squared temporal envelope as described
above, each of the integrals Z, are readily evaluated in
the time domain as shown in Ref. 26 giving

2k=<s

IS,O = 2 C;eS)(_ 1)S+k52k_s_1]:s—2k(_ 5’1_))’
k=0

7. -2kgs C§€S)(_ 1)s+k(‘7:s—2k+1(_ ﬁ’ﬁ)

1="1 e
s = s—92k+1 ps 2k+1

+ (= D PHFo(=pop) +[1+ (- 1)5'2"]?0(5,00)}),
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Y O e
La=- X CP=1)
=0 (s-2k+1)(s-2k+2)

p(- 1)
—f __’_
+s—2k+2{ o(=p:p)
-1 s-2k

s—-2k = o0 _= =
#[1- ()R + — AR 5.0)

+[1+(- 1)8-2k]f1(/3,oo)}),
where the functions F,(«, ) are defined as
1
Fola,B) = 2 {(2C,,(wg) + cos(Qgt)[C, () + C,(Q)] + sin(Qqt)

X[S,(Q,) + S,(Q)]) + (28, (wp) + cos(Qgt)
X[8,(Q,) = 8,(Q)] - sin(Qqt)[C, ()
- C (DY,

for Qg=n/A7 and Q,=Q¢+wy. The limits o« and B are
those formally imposed by the Heaviside functions. As the
cosine-squared envelope is only nonzero in a finite region,
the true bounds of this integration are the intersection of
these regions: T e{[a,B]N[t-A7,t+A7]}. Finally, to com-
plete this solution, define the functions S,(w) and C,(w) as
the well-known integrals

Splw) = fxp sin(wx)dx

p/2 (- 1)kx2k

_ (_ 1\p/2+1
= (-1 (pn[cos(wx)kﬁzo T

p/2 (- 1)k+lx2k—1

+ sin(wx)z

k=1 m]7 p even,

w

xP p
=—| —|cos(wx) + | —|C,_1(w), p odd,

Cplw) = fxp cos(wx)dx

pl2 k,.2k
' (= 1)*x
= (- 1)p/2(p!)lsm(wx)}§] (@R)lap T
p/2 (_ 1)k+1x2k—1

_ cos(a)x)kg1 —(2k =T

xP b
=(—)sin(wx) - <—)$p_1(w), p odd
w w

for all nonnegative integers p.

1, p even

B. Some Important Limits

To complete this model, the limits as r and p go to zero
must be computed. In Part I, these limits were shown for
the monochromatic fields to be*®
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lim Ex = ?E (2&5,0 + és,OUs(kOZ)ise_l(th_¢0),
r—0 5=0
EO .
lim Ex = ?(2d0,0 + éo,o)e—l(wot—‘f’o)’ (14)
p—0

with E,=E.=0. Fourier transforming the limit as r ap-
proaches 0 according to Eqgs. (2) is, of course, equivalent to
simply replacing 2i%(kz) with Z; ;, meaning that as r ap-
proaches zero,

©

E, .
limE, = Ee_l(“'ot_d’o)z (2a,,0 +€5,0)Zs 0

r—0 s=0

r=0

and again, E,=E,=0. In the limit that p approaches zero,

2k<s 1—2k+1 _ T%_2k+1
limZ, o= >, CP(- 1) ——— |Av),
lim 7, g) RCSY) o |[®

where f(t) is the temporal envelope, a cosine-squared
function is this case. This integration has been carried out
formally over the range T e [Ty, T;], which is the intersec-
tion of the ranges [-p,p] and [¢t-AT,t+A7]. E, is then, as
p—0,

E, t
LimE, = ?e“(“")t'%) cos? 2Ar (2d0,0+ €o,0)

p—0
2k<s Tsl—2k+1 _ T(s)—2k+1
% C(s) -1 s+k
,E F=D s—2k+1

In the limit of a long laser pulse, Z; ( reduces to

Tt
lim 7,y =2 c0s2< )

2A7
p—0

for s=0 and zero for all other s. Thus the monochromatic
value of Eqgs. (14) is, in fact, recovered, and the electric
and magnetic fields are now fully specified in all time and
space for a Gaussian laser profile.

C. General Flattened Gaussian Profile

Following again the model of Refs. 44 and 45, this result
can be easily extended to allow for flattened and annular
Gaussian transverse profiles—i.e., for E, (z=0) and
B, (z=0) taking the form

% ~\2N 2
Ey>, AN<_) eXp(-—2>,
N=0 Wo wy

where Ay are arbitrary complex-valued fitting
parameters—by simply replacing E, with E Sy_oANN!
and l;s’n with

A N'b, g, gk
b§n=22<—1>ke-2”[ e ]

=0 k=0 (N =)l (v=Fk)E!

in Egs. (1) and (7)—(11).44%5
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4. SMALL-NUMERICAL-APERTURE
FOCUSING

A. Gaussian Intensity Profile

A similar calculation can be carried out for loosely focused
beams (wq>\() beginning from the spherical Hankel field
model derived in Part II of this study.*® Recall that the
symmetric electric field components for a Gaussian profile

are given by
koZ n+l 7‘2
1)
7) h, (koz)ﬁﬁGn(E

0

=—iE02 €2n<

n=0

+—2 e2n< )nF (k()z)G( 2)

wo

o k n+l r2
B, =iE,>, eﬂn(%'z) hD(ko2) .G (—2)
n=0 Wy

* k()Z n+l r2
n=0

Wy

where F,(2)=[(z-2in)h'" (2)+izh'P(2)], F.(z)=[ih'",(2)

h(l)(z)] h(l)(z) are the spherical Hankel functions of the
first kind, G, (&) =exp(—i[ wgt — ¢o]— §)L0(§) where Lk(g) are
the kth associated Laguerre polynomials of order n, ¢, is
the carrier-envelope phase, and again the magnetic field
is identical following the transformation (x,y)— (y,x).

These field components can be rewritten collecting pow-
ers of w as shown in Table 1. The functions E ., then con-
tain all of the frequency dependence of the ﬁelds For an
infinite beam containing only the carrier frequency w,
these functions are simply

Table 1. Electric Field Components for a Loosely
Focused Gaussian Beam”

. z\nk
Ex=Eoel¢0{£g,o+E;=152"[22=0Fn,ki_"_k(z) ‘C?Ln k
. z n-k y2€2
+522;§=0Fn,kl_"_k(z) {Zn—k_(z_cz)yn—k-ﬂ}

k-1
z n-

;—n—k-1 0
+n3p7 Orn 1,k (c) Ly np-1

n—k
+5 2k i) PR k(c) cy n—k]}

Ey=Epeit0 y

n—k
62 Ek =0 nkL e k( ) yn—k+2'

xé (2n)!
E =—1E0eld’0( ){Lol+2 62 T?lel

z n—-k
o k(c) Zn—k+1}-

“The magnetic field is identical under the rotation (x,y)— (y,x). The functions
Y=L+ 2L+ Loy p] and Zy=[L0,+L)_ ). and the parameter T,
=(=D!(n+k) ! /k! (n—k) 12"+%+1] for all nonnegative integers n and k.

® -1
+2n:162n21r::0( n-1k+ Fn g
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k
‘Cn,m 2

2

. 2, 2 r
Ee—two(t—z/c)e—r /wOngLfL — .
0

To include a finite pulse, each of these field components
must be Fourier transformed as in Eqgs. (2). Letting the
temporal envelope f(t)=exp(-[t-z/c]?/A7?), the fields re-
main formally the same, but now the functions £*  take
on the definition ’

" (=1)"/n+k\[re\*
Eﬁ,mEE ( )(%) Koyim»

=0 v v+k

where the parameters «, are

- ; 2 2/4.2
K, = f f @ — wo)e—Lw(t—z/c)e—r Ew?/ac w"dw

n-k Snk/2+1/2 7"

Ynkm™  x omek
n,r,m (wOAT)2m+k ’

for n=wgt—koz, 6=[1+(re/cA7)?]!, and

kE+1
n!2k+mr<7)[1 +(=1)%]

Tndkm =m0~k — m)klm!
for nonnegative integers n, k, and m.

The effect of the polychromatic corrections and the link
between spatial and temporal bandwidth are character-
ized by the parameter &, and interestingly, this coupling is
tied to the radial coordinate r. As expected, when the spot
size wy becomes arbitrarily large and e— 0, this solution
correctly reduces to the plane-wave case:

o) (t—-2zlc)?
E.—Ey ™ 7= exp T ,
and E,=E,=0. Also, as the pulse duration becomes large,
60— 1 and the monochromatic result is recovered.

B. General Flattened Gaussian Profile

The loose focusing model given in Table 1 can be easily ex-
tended to allow for a general flattened Gaussian trans-
verse profile as well. As with the similar conversion in the
tightly focused case, the amplitude E, is formally re-
placed by Eo=5_oAnN!. To complete the generalization,
the definition of llﬁ,m must also be modified so that L”fL’m is
replaced by

N n+l ( 1\v 90
RN = ST AN (1" (n+l+k)(re )
o =0 I =0 V! v+ k 2¢ 2v+m >

where the parameter A% is

R NIl +n)!
w= (1) (N=Dlnll! |

which is 2"*1/N! times the A?,’l defined in Part I1.46
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5. RESULTS AND DISCUSSION

Figure 1 shows the fraction of the laser energy within the
nominal waist w at the peak of the pulse as a function of
the laser-pulse duration for a Gaussian laser profile: that
is, Ag=1 and Ay-(=0. For an infinite beam, this value is
equal to 1-exp(-2)=0.86466, and this is shown as the
solid line for reference. For pulses containing more than
ten cycles full width at half-maximum (FWHM) and fo-
cused to spot sizes larger than 3/2\(, this limit is met.
This is illustrated explicitly in Fig. 1 for wy=10\,. As the
pulse length drops below ten cycles, the range of frequen-
cies and the corresponding range of focused spot sizes as-
sociated with the pulse tend to increase the breadth of the
radial distribution of energy in the focal plane. This re-
sults in a concomitant decrease in the fraction of the total
energy in the focus. This decrease is observed for all spot
sizes and becomes pronounced as the pulse duration
drops below five cycles.

Figure 1 also shows another interesting effect, this
time resulting from the non-Gaussian shape of the laser
intensity profile for tightly focused beams, that is, for
wo=3/2\¢. Recall from Part I of this study that for mono-
chromatic pulses, the amplitude of the laser at the focus—
i.e., at (x,y,2)=(0,0,0)—is not, in general, equal to E, but
is instead given by

E, 1 2 2- ¢ 2 (11
lim—:Z(3—2e"1/ )—1i ? eV Y 5,—? .

p—0 L0

This results because of the non-Gaussian terms added to
the nominally Gaussian E, and B, when the solution is
symmetrized. For wy<3/5\j, these terms tend to de-
crease the peak amplitude of the beam by adding flattop
terms to the field, thereby effectively widening the focal
spot of the laser. This is exhibited in Fig. 1 for w,
=1/2)\q plotted as the blue circles. In that case, the long
pulse limit of the fraction of energy contained within r
<uw, is less than the Gaussian value. Conversely, for laser
spot sizes between 3/5\; and 3/2\y, lim,_((E./E¢)=1,
and hence, the non-Gaussian terms added by the symme-
trization now tend to concentrate the energy preferen-
tially within the nominal spot. Thus, the long pulse limit

pOOCOOOGOOO O

0.85

Fraction of Energy in the Focus

0.8 : —— Gaussian
°° o Wy=A,2
[+]
IS a Wy=2h/m

7 <

075 é w0=10)»0

0 2 4 6 8 10
Pulse Duration [Number of Cycles (FWHM)]
Fig. 1. (Color online) Fraction of the total energy in the focus at
the peak of the pulse as a function of the pulse duration for w,
=No/2 (blue circles), wy=(2/m)\ (red triangles), and w,=10),
(black diamonds). The limit of a perfect Gaussian [1-exp(-2)
~(.86466] is included as the blue line for reference.
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of the fraction of energy in the waist is now greater than
the purely Gaussian value. This is clearly shown in Fig. 1
for the case of f—1 focusing, which results in a spot size
Wwo= (2/ T, ))\0

Within the range of validity of each of the field models
derived here, each of the field components is stable for all
values of time and space. For the tightly focused model,
~20(1+N/2)(w/\g) terms are required for the Fourier—
Gegenbauer expansion to converge. Comparing this solu-
tion with a numerical integration of the frequency trans-
forms shows a decrease in the computation time of 2
orders of magnitude. Specifically, the time decreases by a
factor of ~675 when the fields are calculated at 400 points
evenly spaced in the focal plane when we evaluate the in-
tegrals using a Romberg solver.

The spherical Hankel expansion used to model loosely
focused pulses requires only one or two series terms even
for focusing down to a few wavelengths in the focal plane,
that is, when z=0. As described in detail in Part II, how-
ever, the larger that value of z, the more terms are re-
quired for the series to converge.*® Again, comparing field
calculations, a roughly 2 orders-of-magnitude improve-
ment is obtained over evaluating the frequency trans-
forms directly, depending on how many series terms are
required.

6. CONCLUSION

In this paper, the six electromagnetic field components of
a focused laser pulse have been derived allowing for any
spot size, pulse duration, and intensity profile of the form
f(r2)exp(—r2/w%). This includes as the simplest example
the classic Gaussian laser profile, which has been derived
in integral form several times. The analytic forms devel-
oped in this study improve the computation time of the
field components by more than 2 orders of magnitude for
a monochromatic beam and an additional 2 orders are
gained over the integral form for a finite pulse.26:44~46
These solutions are well suited to large-scale numerical
calculation. In addition to the time savings noted above,

save for the expansion coefficients l;s,d that need only be
tabulated once a priori for a given spot size in the tightly
focused Fourier—Gegenbauer model, the fields derived
here are built from only standard functions available on
any computing platform: sines, cosines, exponentials, and
polynomials. The formal structure of these fields is also
dominated by nested sums that are easily amenable to
numerical calculation both in small numerical solvers
that model such things as above-threshold ionization or
classical molecular dynamics and large-scale simulations
such as plasma fluid and particle-in-cell codes. Modeling
of a host of physical phenomena can now include not only
simple plane-wave laser fields but also the true focused
character of the realistic laser pulses used in experi-
ments.
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