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Recent advances in table-top, ultrahigh intensity lasers have led to significant renewed interest in the
classic problem of Thomson scattering. An important current application of these scattering
processes is the generation of ultrashort-pulse-duration x rays. In this tutorial, the classical theory of
nonlinear Thomson scattering of an electron in an intense laser field is presented. It is found that the
orbit, and therefore its nonlinear scattering spectra, depends on the amplitude and on the phase at
which the electron sees the laser electric field. Novel, simple asymptotic expansions are obtained for
the spectrum of radiation that is backscattered from a laser by a counter-propagating
co-propagatingelectron. The solutions are presented in such a way that they explicitly show—at
least in the single particle regime—the relative merit of using an intense laser and of an energetic
electron beam in x-ray production. The close analogy with free electron laser/synchrotron source is
indicated. © 2003 American Institute of Physic§DOI: 10.1063/1.1565115

I. INTRODUCTION atomic-scale spatial resolution, but also as a medical diag-
nostic. Several proposals have been made to build a
The widespread availability and the continuous develop“gamma—gamma” collider for high-energy physics experi-
ment of ultra-high intensity lasers have created the excitingnents, in which 200 GeV gamma rays are generated by
field of “High Field Science.” Many regimes that were Compton scattering of 1 eV photons from 250 GeV energy
deemed out of reach just a decade ago suddenly becaregectron beams. Colliding such energetic photons to create
closer to reality. Important applications include table-topparticles through the inverse process has advantages over
electron and proton accelerators, advanced x-ray sourcesirect particle collisions because of reduced beamstrahlung
medical isotope production, ultrafast imaging, laser surgeryand disruption. In all cases of scattering, the electromagnetic
and materials treatmeht? wave acts as an undulator/wiggler, replacing the alternating
In this tutorial, we focus only on one aspect, namely, thestatic magnetic field used in conventional synchrotrons or
generation of x rays by Thomson scattering of an intenséree electron laser€EL).>* The field strength in the former
laser by electron3:** The energetic electrons may be gener-case can be orders-of-magnitude higher, and the length,
ated separately by a conventional high energy accelerator, @ders-of-magnitude shorter, than in the latter case. The re-
by another intense laser pulse via one of the several adults of numerous experiments;*? theories*#¢ and
vanced acceleration mechanistisf a laser-based accelera- reviewé3! related to these topics have been published. Par-
tor were used in conjunction with a synchronized scatteringillel efforts in the FEL/synchrotron community are docu-
laser pulse, then an all-optical x-ray source would bemented in Refs. 47—83. Nonlinear Thomson and Compton
possible’**%* Applications of Thomson/Compton x-ray scattering was also studied in Refs. 84—90.
sources include dynamical studies and imaging of solid, mo-  While an x-ray source based on laser scatter-
lecular, and biological systeni&-3’ ing>®10283245 and one based on the conventional syn-
In Thomson scattering, an electron that is initially at restchrotron/FEL mechanistfi®®°2 differ in the characteristics
may acquire relativistic velocities in the fields of high- of undulator/wiggler used, their physical and mathematical
intensity light and through this relativistic motion the elec- descriptions are strikingly similar. In fact, the normalized
tron may emit radiation at high harmonics of the light fre- |aser electric fielda, and the normalized wiggler parameter,
quency. If the electron already possesses a relativistic energy, are almost interchangeable in the description of Thomson
before it encounters the high-intensity laser, there is an addicattering for head-on collisions between a relativistic elec-
tional Doppler-shift of the scattered light. By Thomson scat-tron against a laser. Here we present the solution of the back-
tering, we mean that the photon energyw) of the scattered  scatter spectrum for arbitrary laser intensity and arbitrary
radiation is much less than the electron energyc), or  electron energyincluding zero, and thesimpleasymptotic
hv<mc?, while for Compton scattering, this condition is not expressions recently obtained for the various regifi@he
met. As an example of Thomson scattering, electrons witlsolutions are presented in such a way that they explicitly
only 100 MeV energy can upshi& 1 eVphoton to an energy  show the relative merit of using an intense laser and of an
of 50 keV, which is of interest not only as a probe with energetic electron beam in x-ray production in the single
particle regime. We also indicate the origin of a humber of

apaper GI2 1, Bull. Am. Phys. S047, 136 (2002. misconceptions that'appear in the Iiteratgre in the ultrain-
Pnvited speaker. tense laser communitycf. paragraph following Eq(11)].
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The laser electric field is measured by the dimensionlestlpon eliminatingBg from these two Maxwell equations, one
parametera=eE,/mwyc, wherekEj is the electric field am- may find thatEg=MJ whereM is a matrix which depends
plitude, w, is the laser frequency, and is the electron rest only onk,.3*%?The total work done\V, in ergs, performed

mass. For a linearly polarized laser field, by the currentl(r,t) on the electric fieldE(r,t) is given by
1/2
085( A ) ! ) w—fdtd%(r £)-E(r,t)
a=0u. - ] ° ]
1 pm/\ 10" wicn?
A Eo A P \¥2 :if dwd®kIx(k,»)-EE (K, o) 2
=o.31( ) :o.zz(— (—) (2m)* L
1 wm/\100 VIA rg/\1 GW

_ ) ) where we have used the Parseval’s relation in writing the last
in terms of the laser wavelength laser intensityl, laser  expression in which the asterisk denotes the complex conju-
powerP, and the rms radius; of the laser spot siz@ssum-  gate. Upon using the matriM and thek-space differential

ing a Gaussian profilePhysically,a measures the transverse y,olume d3k =k2dk dQ which is expressed in terms of the
momentum, in units omg imparted by the oscillating laser ggjjqg angle(Q) in the direction of the unit vectan=ck/w,

field upon an electron. _ N Freund? in effect obtains the general formula for E@),
For lasers with low power intensitiea{1), an electron

that is initially at rest undergoes a small amplitude, trans-
verse oscillation at the laser frequenay. The Thomson
scattering spectrum consists of a single frequedagyin all
directions and the radiation pattern is the same as that from a w2
dipole antenna. As is increased to a value of a few tens of =f do dQ——[|Ie(k,®)[*~[n-Je(k, ®)|?].  (3)
percent, the electron’s oscillation frequency begins to deviate amec
from the laser frequency. As the laser amplitude increases tNote that the square bracket in Ed3) is simply
a=0(1), theLorentz force associated with the laser’s mag-|nX[nXJx(k,»)]|?.
netic field becomes significant, and the electron acquires an  An electron with displacement(t) and velocity v(t)
oscillation alongk, the direction of laser propagation, in ad- carries a current density(r,t)=ev(t)s[r—r(t)], whose
dition to the transverse oscillation. The electron also acquirefourier transformle(k,w) may easily be obtained from Eq.
an average drift velocity alonk. Fora>1, the axial excur- (1). We immediately obtain from E¢3) the Jackson formula
sion of electron oscillation greatly exceeds the transverse exinder the far-field approximatiot,
cursion, and the electron orbital period is much greater than
the laser optical period. At present, the achievable values of d*w _ e’w’ 2
. ; o ) —= INX[nXF(w)]|?, (4)

a are in the single digits. Values & in the tens or even dQ deo 472
hundreds are being actively pursued in the “high field sci-
ence” community*28:4°

In Sec. Il, we derive the general formula for the radiation
spectrum, and point out some subtlety in its evaluation. In ) ) ) .
Sec. 1ll, we describe the electron orbit subject to an intens&duation(4) gives the energy radiated by the electron in the
laser field, displaying the potential importance of the phasedirection of the unit vecton, per unit solid anglé), per unit
In Sec. IV, we consider the backscatter spectra in detail. Thif€quencye. Radiation damping is ignored throughout, and
asymptotic scaling suggests the optimal combination of théll calculations are in the lab frame.
laser and the electron beam for the brightest x-ray source. We L€t us consider the simplest case where the electron or-

conclude in Sec. V with a discussion of the various issues. Pit is strictly a periodic function of time with period, and
over one period, the electron undergoes a net displacement

ro. Thus, we have for all integenm (positive, negative or
Zero,

B+mT)=pB(t), r(t+mT)=mro+r(t). (6)
Once the orbit of a charged particle is known, the radia-

tion spectrum may be derived using relativistic mechan.Equation(5) may then be written as

d?w
dw dQ

WEfdw dQ

F(w)= f :dt B(t)eleltmmrviel, (5)

II. RADIATION SPECTRA

isms, as done in Jacks8hAlternatively, one may use a non- ® DT
relativistic treatment by starting with the first two of the  F(w)= >, dt g(t)e'ett-nrviel
Maxwell's equations,ikXEg=i(w/c)Bg, ikXBg=4mJ/C m=—ee JmT
—i(w/c)Eg, written in terms of the Fourier transfornisub- o
script B of the electric fieldE(r,t), magnetic fieldB(r,t), = E f(w)emelT-nrolc] (7)
and current density(r,t), defined as m=—e
[Er(k,©),Be(k,0),Je(k, )] where
T .
=f dtd®r[E(r,t),B(r,t),J(r,t)]e' et =ik, (1) f(w)=fodt B(t)e il ®)
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and we have used E@6). Upon using=,e™=3 ,278(x X _
—2mar) in the last infinite sum in Eq.7) and the property of ‘ > 7 Vo = (ﬂxO 2 ﬂyO 2 ﬂzO )C

the Dirac delta functiong(ax) = (1/a) 4(x), we obtain from

Egs.(7) and(8) the following expression for the spectrum: T E '/
/\/\/\/_T{

Flw)= 2 Fpd(o—mey), 9)
m=-= Laser Electron
2 FIG. 1. The geometry. The laser propagates in-thedirection, a relativ-
1:—T Ic’ (10 istic electron colliding head-on with the laser hdg=0, B,,=0, B,0—
—Nro/C —1, and the laser backscatter is in the —z direction.

wp (T imes[t—n-r(t)/c]
Fm=2 . dt B(t)e'm«: . (11
n

o o locity (in units of c). The electron orbit, subject to the fol-
Note from Eq.(9) that the radiation spectrum is discrete, |owing general initial conditions at time=0,

for strictly periodic motion of the electron. The base fre-

guency of this spectrumy,, depends on the orbital period x=0, y=0, z=z,, (143
(T) of the electron, on the electron’s net displacemeg (n _ _ _
one such period, and on the directiam) (n which the radia- Bx=Bxo:  By=PByo:  Bx= B, (14b

tion is observed. Thus, the radiation spectrum is in generghas a closed form solution when it is expressed parametri-
not at the harmonic frequency of the laseor at the har-  cally: t=t(9), r=r(6), B=(6), where g is the phase of

thus bewrong to simply insertw=nwg in Eg. (8) and to by ~1326-28,30
replace the electron’s orbital period there by the laser’s
optical period 27/ wy and consider the resultant value of that 0=t—-2z. (19

integral to give the spectral amplitude of the radiation at theNote thatBo=(Bso. Bvo. o) is the unperturbed velocity of
nth haTmO”iC of the laser _frequency. Erron_eous conclusionﬁqe electrori az(;oli,miyt(') ,sezg Fig. 1 and that the initial phase
regarding generation of high laser harmonic have appeared . " clectron seeé & — 7. according to Eqs(14a
in the literature based on such an intuitileut incorrect and (15). This phase inC|rl1Ided I'; Refs. 13 and 30. could be
substitution. . L o ' . '

The power,p,, (in erg/s, radiated at the harmonic fre- important in the ionization of the gas by an intense 188er.

— . . . N For the special casg,=0, Byo=0, one findsB,=0,
gﬁﬁr:/%yc?o_rr?izlthpeenr u&';s%;?cﬁngli '&;gig'(g?lon of the and the orbital equation yields the following closed form
9 - Eas: solution:

ezm2wi

2 2(ain A—cin g.)2
R [nXFq|°, (12 - a“(sin 6—sin 6;,) | 19
) ) ) o ) 2y0(1=B0)

where the dimensionless spectral amplitlglgis given in

Eq. (11). It is easy to show from Eqg6) and (10) that the  vB,=v— vo(1— B0), 17

integrand in Eq(11) is a periodic function of of periodT.

Integral of this type is readily evaluated by the Romberg

method”® The electron orbit is considered next. YPx= vo(1- B
The formulas displayed in Secs. Il and IV are in dimen- 0 0

sional form. The formulas displayed in Sec. Ill have been 5[ (cos g,,— cos 6)— (09— 6,,)sin 6]

Pm=

a(sin —sin 6,,), (18

normalized, as indicated. X , (19
Yo(1=B)
_ N 2 2
Ill. ELECTRON ORBITS M) P C ) e am) LA+ B0)
~Bao 2 2 2(1-Bx)

The electron orbit subject to a linearly polarized electro-

magnetic wave propagating in thez direction (Fig. 1) is sin 26 i 3 sin 26,

governed by the relativistic Lorentz equation X| = +2cosé sin Ojp— ———|. (20
d
3i(7B)=(x+ BXy)a cogt-2), (13)  In Egs.(16)—(20), yo=(1—B%) Y2 and B,o may either be

negative (electron counter-propagates against the J)aser
where, as in this section, we normalize time byd/ veloc-  or zero (electron initially at rest or positive (electron
ity by c, and distance byc/wy. In Eg. (13), a  co-propagates with the laser; see Fig. Note that the ve-
=eEy/mwgc is the dimensionless parameter measuring théocity components3, and 8, are given as explicit functions
electric field strengthy=(1- B~ 85— B2) “2is the rela-  of ¢ according to Eqs(17) and (18) upon using Eq(16).
tivistic mass factor, angg= (8,8, .B,) is the electron ve- They are periodic functions af of period 27. The period.T,
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of this periodic(“figure-8") mation is thus equal to the in-
crease int as 6 increases by 2. Thus, we obtain from Eg.
(20),

21
_IBZO

The parametric solution for thecoordinates of the electron
orbit is given byz=t— 6 in which t is given by Eq.(20).
Over one orbital periodT, the electron undergoes a net dis-
placement = (x,0,25) wherex, is given by the increase in
Eqg. (19) as @ increases by 2, andz, is simply T— 2,

1

a2( 1+ BZO)
* 2

T

. (21

+ Slr]2 Gin)

a%(1+ 1
- 0
i (22
—27a sin 6,
Xog=————. (23
Yo(1—Bz)

Note that the electron trajectory dependsapiB,g, and 6y,

Lau et al.

is true regardless of the velocity of the electron or the laser
intensity, and may easily be deduced from EHL) for this
case. However, for an energetic electron beam that is almost
co-propagating with the laser, such as that produced by the
laser itself, high harmonics at the laser frequency may be
observed in the direction just slightly off the laser direction.
This was used to explain the University of Michigan experi-
ments on Thomson scatterifiy.

In the backscattering direction of the laser=—z, see
Fig. 1), if one setsf;,=0, one obtains the following expres-
sions forw; and p,,, the backscatter power per unit solid
angle atw=mw; [cf. Eq.(12)], in dimensional form:

wq 2 l_IBZO 2 2

—= = 1- , (25)

wo \2+a2/\1+8,/ |2+a? Yo(l= B
A w1)4 (26)

Pm=—S5—""——|—] Sm:

" V(1= B0 we)

where A= e?w5/4m?2c=0.69N\/(1 um)] 2ergls,s,=0 for

in a rather complicated manner. Accordingly, the fundamenM=0,2,%4, ..., and fom=*1+3,*+5, ...,

tal frequencyw; of the radiation spectrum depends on these

three quantitie® In Sec. IV, we present the spectral solution
for backscattered radiatiom& —z; see Fig. 1, in which

case the dependence on electron beam and on the laser be-

comes decoupled.

Before we leave this section, we record a useful formula

relating the change dfwith respect tof,

%: o Yo(1—B0)
dt z 7 !

which may be verified from Eq915) and (17). Equation
(24) is also valid for arbitrary values @8,q, Byo, B, and
0in, in wWhich casey, is the electron’s relativistic mass factor
in the absence of the laser.

(29

IV. SPECTRAL DEPENDENCE ON ELECTRON BEAM
AND LASER

The orbital periodicity,T, together with the net orbital
displacementr, as given by Eqs(21)—(23) in normalized
form, determine the fundamental frequensy of the radia-
tion spectrum when observed in the directiofcf. Eq. (10),
which is in the dimensional forinThe radiated powerg(,)
at the discrete frequencies € mw;) may then be obtained
from Eqg.(12) in which F,, may be computed from the orbital
equations using the transformation frdnio @ in Eq. (24).
Thus, the spectrum depends an, a, 6;,, n, and B,.%°
Equations(21)—(23), together with Eq.(10), show that for
a’>1, the dependence @, on the phase is strong ang
~1/a2. This dependence on the phase is weakafog1, in
which casew,/wqy approaches unitysee Fig. 2 of Ref. 30

The radiation spectrum, in general, is not at integer harmon-

ics of the laser frequency,.

The radiation spectrum observedactlyin the forward
direction of the laserr{(=z) always has only one discrete
frequency,w = w,=wq. This is easily shown from Eq10)
(which is in dimensional form upon using the first equality
of Eg. (22) (which is in dimensionless formThis statement

Sm= (1) ?M?[J(m—1)2(ME) = I s 1)2(ME) 12

(m=odd) (27)
a~2
&= 2(a%2+2)’ 8

In Eq. (27), J,(x) is the Bessel function of the first kind of
order v. The factors,, appears in Esaregt alX° It also ap-
pears in the quantity [JJ]" or *“ F(K)" in the FEL/
synchrotron light literature wher¢ is the undulator/wiggler
paramete?*8.78-82 Setting K=a, one find$® s,=m?(1
+K?/2)?F (K). It is easy to show that,,=s_, for all odd
integersm. Note that the relative spectral shapesyf de-
pends only ora (Fig. 2), and is independent of the electron
beam energy The discrete spectrum for smallapproaches
a continuum fora?>1. Note the similarity of Fig. 2 and Fig.
5.30 of Ref. 34.

The maximum values of,,, occurring atm=M with a
valuesy,, are shown in Fig. 3. Note that the frequency com-
ponentw=M w; contains the highest backscattered power.
In terms of the laser frequency, the frequency comporent
=Nwgy would contain the highest backscatter power, where
N=Mw;/wqy. The total backscatter powe?; (in erg/9, per
unit solid angle in then= —z direction is then given by
=>p, Where the sum is taken over all odd valuesmiThe
following asymptotic formulas fos,,, M, sy, N, andP; are
obtained for small and large values af°

For a<0.3,

Sy=~0 for all |m|#1, (293
M=1, (29b)
Sy =Sy~a’m?, (299
N=5(1-B.0)% (299
P~ 13.7a2M erg/s. (299

(M1 um)?
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FIG. 2. Normalized spectral distribution af,, at frequencyo=mo;.
Here,s, is normalized with respect to the maximum vakyg, occurring at

m=M.
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FIG. 3. Numerical values d#! (top) andsy, (bottom) at various values cd.

Fora>1,

Sm™~Sm

(Im[/M)e(mi=pm,

M=0.32a%,

sy~1.13%

N=~0.64y5(1-B0)?

11195(1-By)°
a (A1 um)?

T

erg/s.

(303
(30b)

(309

(30d)

(308

Figure 2 shows the asymptotic solutiof29g and(308);
Fig. 3 shows the asymptotic solutiof@0b) and(30¢). Note
from Eq.(30d) thatN is linearly proportional t@, instead of
a® for largea, as shown in Fig. 4top).

While Eg. (309 gives only the radiated power per unit
sold angle in the backscatter direction, it clearly shows that
using an intense laséiargea) does not necessarily yield the
brightest backscatter source. Figurébéttom suggests that
an intense laser witla=0O(1), together with a most ener-
getic counterpropagating electron beam, would produce the
combined largest frequency upshift and the brightest back-
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electron colliding head on with a laser bff,=L/\ optical
(undulatoy period:

Npr(per electrop~ aa®N,,, (313
Npr(tota) ~ aa®NyNe . (31b

In Eq. (31), a=e?/Ac=1/137 is the fine structure constant.
Equation(31b gives the total number of photons that are
backscattered incoherently by an electron bunch that con-
tainsN, electrons, a well-known result in conventional syn-
chrotron and in laser synchrotr8i%34In fact, if we multi-
ply the right-hand side of Eq31b) by the numerical factor
) ) . @3, Eq.(31b) may be shown to be identical to E(.853
0 10 20 30 on p. 183 of Attwood* in the limit a2=. K?<1, and to Eq.

a (13) of Sprangleet al® We should mention that this equation
of Attwood gives the total radiated power, over all frequen-
4r - cies, over all angles, for arbitrary value Kf=a.

i m  Exact
3l Asymptotic V. REMARKS

The above-given tutorial study is based on the simple,
classical model of a single electron interacting with an infi-
nite plane wave. While highly idealized, it suggests that the
brightest x-ray source, measured as the rate of photon yield
per unit solid angle per frequency, is achieved by head-on
collisions of a relativistic electron beam with an intense laser
with a=O(1). Such a configuration, broadly known as laser
ot synchrotron, has a striking resemblance to the conventional
— : t : : . synchrotron/FEL both in physical terms and in the math-
0 5 10 15 20 25 30 ematical treatment. In fact, the laser parametés found to

a be almost interchangeable with the FEL wiggler parameter
FIG. 4. (Top) The harmonic number of the laser frequently, at which ~ K=eB,,/m(k,c)c, whereB,, is the wiggler magnetic field
maximum backscatter occurs for the special gage=0. For nonzergs,o, andk,, is the wiggler wavenumbéf:"®°8Many realistic
N=¥5(1~B20)*No. (Bottom) The total backscattered powd¥ro, per unit  gffacts that have been studied in the conventional
e e e 4™ P synchrotron/FEL communi may be immediately applied
to the laser synchrotron. In the following, we discuss a few
of them.

The finite length of the laser pulse contributes to a natu-
scatter radiatiof® The synchrotron/FEL communities have ral linewidth of the Thomson backscatter spectrum. This
reached very similar conclusions regarding the magnetispectral width is proportional to lf,, whereN,, is the num-
wiggler parameteK in recent years. ber of the laser optical cycf?*78-8092ror small values of

Note the unusual scaling &, which is proportional to N,, such as in the single digit, the spectral brightness is
78 according to Eqs(29e and(308 in the highly relativistic  reduced, because it gives a much larger radiation ¥ael
limit B,,— —1. To show that such a scaling is consistentbecause the photon yield is redudetl Eq.(313]. The spec-
with that expected from the conventional literature, considetral brightness is the rate of photon yield per unit source area
a relativistic electron scattering head-on with a las@y,( per unit solid angle per unit bandwidth. The effect of the
— — 1. See Fig. 1 The solid angle of the radiation cone is of laser finite spot size requires special attention for lader
order y 2,34 the total power radiated by this single electron Thomson scattering, because the electron’s transverse excur-
integrated over this solid angle is then of ordér The du-  sion may become comparable to the spot size, leading to the
ration of this radiation pulse is of ordet.{c)y ? if this possibility that the electron may be lost before it completes
electron is to interact only with a finite lengtiL) of the  even one figure-8 orbit. Radiation patterns including the la-
wiggler, as can be seen by considering (Bpatia) separa- ser’s finite spot size for lower values afwere given in Ref.
tion between the first and last photon that are produced bg9.
the electron during this electron’s journey within the wiggler. The quality of the electron beam is the single most im-
Multiplying this duration and power, the total energy radi- portant factor in all short wavelength coherent radiation
ated by this electron is then of ordgf, and it follows that  sourcessee, e.qg., Refs. 66 and)6The number of electrons
the number of photon yield per electron is independeng.of in the bunch, the electron beam emittance, the energy spread,
The last results are, of course, well-known. Use of the abovethe longitudinal and transverse dimensions of the electron
presented argument on E@9e gives the following esti- bunch, all affect the brightness and the achievable pulse
mates of the number of backscatter photons by an energetiength of the x-ray puls&'®1°27882rhe x-ray pulse length is

20

®  Exact
Asymptotic

151

Z 10}
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