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in an Electroelastic Body

Jiashi Yang, Member, IEEE

Abstract—The equations for small fields superposed on
finite biasing fields in an electroelastic body are obtained
by an expansion procedure in the variational formulation
of a nonlinear electroelastic body. The resulting equations,
written with respect to the reference configuration, are the
same as those reported earlier except for some algebraic
errors that have been corrected in the paper. A variational
principle for the incremental fields naturally results from
the procedure.

I. Introduction

The linear theory of piezoelectricity assumes infinitesi-
mal deviation from a reference state in which there are

no pre-existing mechanical and/or electrical fields, com-
monly referred to as initial or biasing fields. The presence
of biasing fields causes a material to behave differently ap-
parently, and renders the linear theory of piezoelectricity
invalid. Description of the behavior of electroelastic ma-
terials in the presence of finite biasing fields requires the
theory for infinitesimal fields superposed on finite biasing
fields [1], which is a consequence of the fully nonlinear
theory of electroelasticity [2]. Knowledge of the effects of
biasing fields in an electroelastic body has important ap-
plications in frequency stability analysis of piezoelectric
resonators used in time keeping and communication de-
vices [3], piezoelectric acoustic wave sensors [4], buckling
of thin piezoelectric structures [5], measurement of non-
linear electroelastic material constants by acoustic waves
propagating in an electroelastic body under biasing me-
chanical and/or electric fields [6], and modeling of elec-
trostrictive materials that operate under a biasing electric
field [7]. The equations governing small incremental fields
superposed on finite biasing fields in an electroelastic body
can be derived from the nonlinear equations of electroelas-
ticity by an expansion procedure based on the smallness
of the incremental fields [1]. The derivation is direct but is
rather lengthy. Early equations were written with respect
to the initially deformed configuration [1], [8]. It was later
found that, for many applications, equations written with
respect to the reference configuration without initial defor-
mations and fields were more convenient and were given
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in [3]. In this paper a different procedure for deriving the
equations governing the incremental fields is given. It is
based on the variational formulation of nonlinear electroe-
lasticity. The variational principle is written with respect
to the reference configuration. As a result, the equations
obtained also are written with respect to the reference con-
figuration. In addition, a variational principle for the incre-
mental fields naturally results from the procedure, whose
stationary condition yields the governing equations for the
incremental fields. A total energy density is used, which
makes the derivation procedure very concise.

II. Variational Formulation of Nonlinear

Electroelasticity

Consider an electroelastic body that, in the reference
configuration, occupies a region V with boundary surface
S. For mechanical boundary conditions, S is partitioned
into Sy and ST , on which motion (or displacement) and
traction are prescribed, respectively. Electrically S is par-
tioned into Sφ and Sσ with prescribed electric potential
and surface-free charge, respectively:

Sy ∪ ST = Sφ ∪ Sσ = S,

Sy ∩ ST = Sφ ∩ Sσ = 0.
(1)

The deformation of the body is described by yi =
yi(XL, t), where yi denotes the present coordinates and XL

the reference coordinates of material points with respect
to the same Cartesian coordinate system. The Cartesian
tensor notation, the summation convention for repeated
tensor indices, and the convention that a comma followed
by an index denotes partial differentiation with respect to
the coordinate associated with the index will be used. A
superimposed dot represents material time derivative. The
stationary condition of the following functional gives the
equations governing the nonlinear behavior of an electroe-
lastic body [9]:

Π(yi, φ) =
∫ t

t0

dt

∫
V

[
1
2
ρ0ẏiẏi − ρ0π(EKL,WK)

+ ρ0fiyi − ρEφ

]
dV

+
∫ t

t0

dt

∫
ST

T iyidS −
∫ t

t0

dt

∫
Sσ

σφdS,

(2)

where ρ0 is the mass density in the reference configuration,
ρE is the free-charge density per unit undeformed volume,
fk is the body force per unit mass, T i is the surface traction
per unit undeformed area, σ is the surface free charge per
unit undeformed area, φ is the electric potential, and π is
an energy density per unit mass (the total energy density
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in [9]). π is a function of yi and φ through the finite strain
tensor EKL and the reference electric potential gradient
WK given below, and the admissible yi and φ for Π satisfy
the following boundary conditions on Sy and Sφ:

EKL = (yi,Kyi,L − δKL)/2, in V,

WK = −φ,K in V,

yi = yi on Sy,

φ = φ on Sφ,

(3)

where δKL is the Kronecker delta, and yi and φ are pre-
scribed boundary motion and potential. The energy den-
sity π that determines the constitutive relations of nonlin-
ear electroelastic materials may be written as [10]:

ρoπ(EKL,WK) +
1
2
ε0JEkEk

=
1
2
c
2ABCD

EABECD − eABCWAEBC − 1
2
χ
2AB

WAWB

+
1
6
c
3ABCDEF

EABECDEEF +
1
2
k
1ABCDE

WAEBCEDE

− 1
2
bABCDWAWBECD − 1

6
χ
3ABC

WAWBWC

+
1
24

c
4ABCDEFGH

EABECDEEF EGH

+
1
6
k
2ABCDEFG

WAEBCEDEEFG

+
1
4
a
1ABCDEF

WAWBECDEEF

+
1
6
k
3ABCDE

WAWBWCEDE

− 1
24

χ
4ABCD

WAWBWCWD + · · · ,

(4)

where J = det(yk,L), Ek = −φ,k and ε0 is the dielectric
permittivity of free space. The material constants:

c
2ABCD

, eABC , χ
2AB

,

c
3ABCDEF

, k
1ABCDE

, bABCD, χ
3ABC

,

c
4ABCDEFGH

, k
2ABCDEFG

, a
1ABCDEF

, k
3ABCDE

, χ
4ABCD

,
(5)

are the second-order elastic, piezoelectric, electric perme-
ability, third-order elastic, first odd electroelastic, elec-
trostrictive, third-order electric permeability, fourth-order
elastic, second odd electroelastic, first even electroelastic,
third odd electroelastic, and fourth-order electric perme-
ability, respectively. These material constants are called
the fundamental material constants. The second-order
constants are responsible for linear material behaviors.
The third- and higher-order material constants are related
to nonlinear behaviors of materials. The stationary condi-

tion of Π implies [9] the following equations and natural
boundary conditions of nonlinear electroelasticity:

KLk,L + ρ0fk = ρoÿk, in V,

∆K,K = ρE , in V,

KLkNL = T k on ST ,

∆KNK = −σ on Sσ,

(6)

where NL is the unit exterior normal of S. KLk and ∆K

are the first Piola-Kirchhoff stress tensor and the reference
electric displacement vector, respectively, and are defined
from π by the following constitutive relations:

KLk = yk,Kρ0∂π/∂EKL,

∆K = −ρ0∂π/WK .
(7)

Eq. (3) and (6) form the boundary-value problem of non-
linear electroelasticity, with additional initial conditions
if a dynamic problem is under consideration. They can
be written as four equations for yi(X, t) and φ(X, t). The
above procedure of using the total energy density π is com-
pact and concise. Next we partition π into:

−ρ0π(EKL,WK) = −ρ0ψ(EKL,WK) + e(EKL,WK),
(8)

where we have denoted:

2e(EKL,WK) = ε0JEkEk = ε0Jφ,kφ,k

= ε0JXL,kXM,kφ,Lφ,M

= ε0J
1/2
C C−1

LMWLWM ,

CKL = yk,Kyk,L = 2EKL + δKL,

C−1
KLCLM = δKM , JC = det(CKL) = J2.

(9)

Physically, e represents pure electrostatic energy per unit
undeformed volume. ψ is a free-energy density per unit
mass. Comparing (8) with (4), we find:

ρ0ψ(EKL,WK) =
1
2
c
2ABCD

EABECD − eABCWAEBC

− 1
2
χ
2AB

WAWB +
1
6
c
3ABCDEF

EABECDEEF

+
1
2
k
1ABCDE

WAEBCEDE − 1
2
bABCDWAWBECD

− 1
6
χ
3ABC

WAWBWC

+
1
24

c
4ABCDEFGH

EABECDEEF EGH

+
1
6
k
2ABCDEFG

WAEBCEDEEFG

+
1
4
a
1ABCDEF

WAWBECDEEF

+
1
6
k
3ABCDE

WAWBWCEDE

− 1
24

χ
4ABCD

WAWBWCWD + · · · .

(10)
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With the following partial derivative of e [9]:

∂e/∂EKL = −JXK,kXL,lε0(EkEl − EmEmδkl/2),
∂e/∂WK = JXK,kε0Ek. (11)

The constitutive relations in (7) take the following form
when ψ is used:

KLk = yk,Kρ0∂ψ/∂EKL + JXL,jε0(EjEk − EiEiδjk/2),
∆K = −ρ0∂ψ/∂WK + JXK,kε0Ek. (12)

Eq. (12) is exactly the same as what is given in [3]. The
partition of energy in (8) implies the separation of the
Maxwell’s stress tensor [the last term in (12)1] and the
reference electric field vector [the last term in (12)2], which
is physically more revealing.

III. Biasing and Incremental Fields

Consider an electroelastic body. We distinguish the fol-
lowing three configurations.

A. The Reference Configuration

In the reference state, the body is undeformed and free
of all fields. A generic point at this state is denoted by X
with rectangular coordinates XK . The mass density in the
reference configuration is denoted by ρ0.

B. The Initial Configuration

In this state the body is under the action of body force
f

(0)
α , body free charge ρ

(0)
E , prescribed surface motion ξα,

traction T
(0)
α , potential φ

(0)
, and free charge σ(0). The

body has deformed finitely and carries finite electric fields.
The position of the material point associated with X is
given by ξα = ξα(X, t), with the Jacobian of the initial de-
formation denoted by J(0) = det(ξα,L). The electric poten-
tial of this state is denoted by φ(0)(X, t), and the electric
field by E

(0)
α = −φ

(0)
,α . The initial deformations and fields

ξα(X, t) and φ(0)(X, t) satisfy the equations of nonlinear
electroelasticity (3) and (6) under f

(0)
α , ρ

(0)
E , ξα, T

(0)
α , φ

(0)
,

and σ(0). The solution to the initial deformation problem
is assumed known.

C. The Present Configuration

To the deformed body at the initial configuration, in-
finitesimal deformations and electric fields are applied. The
body is under the action of fi, ρE , yi, T i, φ, and σ. The
final position of the material point associated with X is
given by yi(X, t), with electric potential φ(X, t). yi(X, t)
and φ(X, t) also satisfy (3) and (6).

IV. Variational Principle and Governing

Equations for the Incremental Fields

The incremental deformation is assumed to be infinites-
imal; therefore we write:

yi = δiα(ξα + εuα), (13)

where ε is a small and dimensionless number, δiα is the
Kronecker delta, and εu is the small incremental displace-
ment vector. Corresponding to (13), other quantities of the
present state can be written as:

φ = φ(0) + εφ(1) + ε2φ(2) · · · ,

fi = δiα(f (0)
α + εf (1)

α + ε2f (2)
α · · · ),

ρE = ρ
(0)
E + ερ

(1)
E + ε2ρ

(2)
E · · · ,

yi = δiα(ξα + εuα),

T i = δiα(T
(0)
α + εT

(1)
α + ε2T

(2)
α · · · ),

φ = φ
(0)

+ εφ
(1)

+ ε2φ
(2) · · · ,

σ = σ(0) + εσ(1) + ε2σ(2) · · · ,

(14)

where, due to nonlinearity, higher powers of ε may arise.
We want to derive equations governing u and φ(1). From
(13) and (14), we can further write:

EKL = E
(0)
KL + εE

(1)
KL + ε2E

(2)
KL,

WK = W
(0)
K + εW

(1)
K + ε2W

(2)
K · · · ,

(15)

where

E
(0)
KL = (ξα,Kξα,L − δKL)/2,

E
(1)
KL = (ξα,Kuα,L + ξα,Luα,K)/2,

E
(2)
KL = uα,Kuα,L/2,

W
(0)
K = −φ

(0)
,K ,

W
(1)
K = −φ

(1)
,K ,

W
(2)
K = −φ

(2)
,K .

(16)

Substituting (13)–(16) into Π in (2), we obtain:

Π = Π(0) + εΠ(1) + ε2Π(2) · · · , (17)

where

Π(0) =
∫ t

t0

dt

∫
V

[
ρ0ξ̇αξ̇α/2 − ρ0π(E(0)

KL,W
(0)
K )

+ ρ0f
(0)
α ξα − ρ

(0)
E φ(0)

]
dV

+
∫ t

t0

dt

∫
ST

T
(0)
α ξαdS −

∫ t

t0

dt

∫
Sσ

σ(0)φ(0)dS,

(18)
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Π(1) =
∫ t

t0

dt

∫
V

[
ρ0ξ̇αu̇α − ρ0

∂π

∂EKL

∣∣∣∣
E

(0)
KL

,W
(0)
K

E
(1)
KL

− ρ0
∂π

∂WK

∣∣∣∣
E

(0)
KL

,W
(0)
K

W
(1)
K

+ ρ0f
(0)
α uα + ρ0f

(1)
α ξα − ρ

(0)
E φ(1) − ρ

(1)
E φ(0)

]
dV

+
∫ t

t0

dt

∫
ST

(T
(0)
α uα + T

(1)
α ξα)dS

−
∫ t

t0

dt

∫
Sσ

(σ(0)φ(1) + σ(1)φ(0))dS,

(19)

and

Π(2) =
∫ t

t0

dt

∫
V

[
1
2
ρ0u̇αu̇α − ρ0

∂π

∂EKL

∣∣∣∣
E

(0)
KL

,W
(0)
K

E
(2)
KL

− ρ0
∂π

∂WK

∣∣∣∣
E

(0)
KL

,W
(0)
K

W
(2)
K

− 1
2
ρ0

∂2π

∂EKL∂EMN

∣∣∣∣
E

(0)
KL

,W
(0)
K

E
(1)
KLE

(1)
MN

− ρ0
∂2π

∂WM∂EKL

∣∣∣∣
E

(0)
KL

,W
(0)
K

W
(1)
M E

(1)
KL

− 1
2
ρ0

∂2π

∂WM∂WN

∣∣∣∣
E

(0)
KL

,W
(0)
K

W
(1)
M W

(1)
N + ρ0f

(1)
α uα

+ ρ0f
(2)
α ξα − ρ

(0)
E φ(2) − ρ

(1)
E φ(1) − ρ

(2)
E φ(0)

]
dV

+
∫ t

t0

dt

∫
ST

(T
(1)
α uα + T

(2)
α ξα)dS

−
∫ t

t0

dt

∫
Sσ

(σ(0)φ(2) + σ(1)φ(1) + σ(2)φ(0))dS.

(20)

Comparing (18) to (2), we recognize (18) to be simply
the variational functional for the initial deformation.

Using the fact that the initial deformation satisfies (3)
and (6), Π(1) in (19) can be written into the following much
simpler form:

Π(1) =
∫ t

t0

dt

∫
V

(ρ0f
(1)
α ξα − ρ

(1)
E φ(0))dV

+
∫ t

t0

dt

∫
ST

T
(1)
α ξαdS −

∫ t

t0

dt

∫
Sσ

σ(1)φ(0)dS,(21)

which does not depend on u and φ(1) anymore. If f
(0)
α , ρ

(0)
E ,

T
(0)
α , and σ(0) were held constant—or, in other words—

f
(1)
α = ρ

(1)
E = T

(1)
α = σ(1) = 0, then Π(1) = 0, which simply

shows that Π(0) is the variational functional for the initial
deformation.

We are interested in equations for the first order in-
cremental fields u and φ(1). Therefore, we drop all second

order quantities φ(2), f
(2)
α , ρ

(2)
E , T

(2)
α , and σ(2) in Π(2) and

obtain:

Γ(u, φ(1)) =
∫ t

t0

dt

∫
V

[
ρ0u̇αu̇α/2 − GKαLγuK,αuL,γ/2

− RKLγφ
(1)
,K uL,γ + LKLφ

(1)
,K φ

(1)
,L /2

+ ρ0f
(1)
α uα − ρ

(1)
E φ(1)

]
dV

+
∫ t

t0

dt

∫
ST

T
(1)
α uαdS −

∫ t

t0

dt

∫
Sσ

σ(1)φ(1)dS,

(22)

where

GKαLγ = ξα,Mρ0
∂2π

∂EKM∂ELN

∣∣∣∣
E

(0)
KL

,W
(0)
K

ξγ,N

+ ρ0
∂π

∂EKL

∣∣∣∣
E

(0)
KL

,W
(0)
K

δαγ = GLγKα,

RKLγ = −ρ0
∂2π

∂WK∂EML

∣∣∣∣
E

(0)
KL

,W
(0)
K

ξγ,M ,

LKL = −ρ0
∂2π

∂WK∂WK

∣∣∣∣
E

(0)
KL

,W
(0)
K

= LLK ,

(23)

are the effective elastic, piezoelectric, and dielectric con-
stants. They are functions of linear and nonlinear mate-
rial constants through π. They also depend on the biasing
fields (assumed known). We note that the integrand of the
volume integral in (22) is quadratic in the gradients of u
and φ(1). The admissible u and φ(1) for Γ in (22) must
satisfy:

uα = uα on Sy, φ(1) = φ
(1)

on Sφ. (24)

The first variation of Γ is found to be:

δΓ(u, φ(1)) =
∫ t

t0

dt

∫
V

[
(K(1)

Lα,L + ρ0f
(1)
α − ρ0üα)δuα

+ (∆(1)
K,K − ρ

(1)
E )δφ(1)

]
dV

+
∫ t

t0

dt

∫
ST

(T
(1)
α − K

(1)
LαNL)δuαdS

−
∫ t

t0

dt

∫
Sσ

(∆(1)
K NK + σ(1))δφ(1)dS,

(25)

where we have introduced and denoted the incremental
stress tensor and electric displacement vector by the fol-
lowing effective constitutive relations for the incremental
fields:

K
(1)
Kα = GKαLγuγ,L + RLKαφ

(1)
,L ,

∆(1)
K = RKLγuγ,L − LKLφ

(1)
,L .

(26)

We note that in (26) the incremental stress tensor and
electric displacement vector depend linearly on the incre-
mental displacement gradient and potential gradient. The
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stationary condition of Γ then implies the following equa-
tions and natural boundary conditions for the incremental
fields:

K
(1)
Kα,K + ρ0f

(1)
α = ρ0üα, in V,

∆(1)
K,K = ρ

(1)
E , in V,

K
(1)
LαNL = T

(1)
α on ST ,

∆(1)
K NK = −σ(1) on Sσ,

(27)

which, together with (24), form the boundary-value prob-
lem for the incremental fields. If the partition of energy
(8) is introduced into (23), we have:

GKαLγ = ξα,Mρ0
∂2ψ

∂EKM∂ELN

∣∣∣∣
E

(0)
KL

,W
(0)
K

ξγ,N

+ ρ0
∂ψ

∂EKL

∣∣∣∣
E

(0)
KL

,W
(0)
K

δαγ + gKαLγ ,

RKLγ = −ρ0
∂2ψ

∂WK∂EML

∣∣∣∣
E

(0)
KL

,W
(0)
K

ξγ,M + rKLγ ,

LKL = −ρ0
∂2ψ

∂WK∂WL

∣∣∣∣
E

(0)
KL

,W
(0)
K

+ lKL,

(28)

where

gKαLγ = ε0J
(0)

[
E(0)

α E
(0)
β (XK,βXL,γ − XK,γXL,β)

+ E
(0)
β E(0)

γ (XK,αXL,β − XK,βXL,α)

+ E
(0)
β E

(0)
β (XK,γXL,α − XK,αXL,γ)/2

− E(0)
α E(0)

γ XK,βXL,β

]
,

rKLγ = ε0J
(0)(E(0)

α XK,αXL,γ

− E(0)
α XK,γXL,α − E(0)

γ XK,αXL,α),

lKL = ε0J
(0)XK,αXL,α,

(29)

which are the equations given in [3]. We note that the
equation in [3] corresponding to (29)1 has been found to
be with some algebraic errors [11], while (29)1 is believed
to be correct.

V. Conclusions

From the variational formulation of nonlinear electroe-
lasticity, by a systematic expansion procedure, a varia-
tional principle is obtained for infinitesimal incremental
deformations and fields superposed on finite biasing defor-
mations and fields in an electroelastic body. The station-
ary condition of the derived variational principle yields the
governing equations for the incremental deformations and
fields. The total energy formulation simplifies the deriva-
tion procedure.
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