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Abstract—The equations for small fields superposed on
finite biasing fields in an electroelastic body are obtained
by an expansion procedure in the variational formulation
of a nonlinear electroelastic body. The resulting equations,
written with respect to the reference configuration, are the
same as those reported earlier except for some algebraic
errors that have been corrected in the paper. A variational
principle for the incremental fields naturally results from
the procedure.

I. INTRODUCTION

HE linear theory of piezoelectricity assumes infinitesi-

mal deviation from a reference state in which there are
no pre-existing mechanical and/or electrical fields, com-
monly referred to as initial or biasing fields. The presence
of biasing fields causes a material to behave differently ap-
parently, and renders the linear theory of piezoelectricity
invalid. Description of the behavior of electroelastic ma-
terials in the presence of finite biasing fields requires the
theory for infinitesimal fields superposed on finite biasing
fields [1], which is a consequence of the fully nonlinear
theory of electroelasticity [2]. Knowledge of the effects of
biasing fields in an electroelastic body has important ap-
plications in frequency stability analysis of piezoelectric
resonators used in time keeping and communication de-
vices [3], piezoelectric acoustic wave sensors [4], buckling
of thin piezoelectric structures [5], measurement of non-
linear electroelastic material constants by acoustic waves
propagating in an electroelastic body under biasing me-
chanical and/or electric fields [6], and modeling of elec-
trostrictive materials that operate under a biasing electric
field [7]. The equations governing small incremental fields
superposed on finite biasing fields in an electroelastic body
can be derived from the nonlinear equations of electroelas-
ticity by an expansion procedure based on the smallness
of the incremental fields [1]. The derivation is direct but is
rather lengthy. Early equations were written with respect
to the initially deformed configuration [1], [8]. It was later
found that, for many applications, equations written with
respect to the reference configuration without initial defor-
mations and fields were more convenient and were given

Manuscript received November 7, 2003; accepted March 3, 2004.
This work was supported by the US Army Research Office under
DAAD19-01-1-0443.

The author is with the Department of Engineering Mechan-
ics, University of Nebraska, Lincoln, NE 68588-0526 (e-mail:
jyangl@unl.edu).

in [3]. In this paper a different procedure for deriving the
equations governing the incremental fields is given. It is
based on the variational formulation of nonlinear electroe-
lasticity. The variational principle is written with respect
to the reference configuration. As a result, the equations
obtained also are written with respect to the reference con-
figuration. In addition, a variational principle for the incre-
mental fields naturally results from the procedure, whose
stationary condition yields the governing equations for the
incremental fields. A total energy density is used, which
makes the derivation procedure very concise.

II. VARIATIONAL FORMULATION OF NONLINEAR
ELECTROELASTICITY

Consider an electroelastic body that, in the reference
configuration, occupies a region V with boundary surface
S. For mechanical boundary conditions, S is partitioned
into S, and St, on which motion (or displacement) and
traction are prescribed, respectively. Electrically S is par-
tioned into S¢ and S, with prescribed electric potential
and surface-free charge, respectively:

SyUST:S¢USg:S7 1
SyﬂST=S¢ﬂSa=0. ()
The deformation of the body is described by y; =
yi(X1,t), where y; denotes the present coordinates and X,
the reference coordinates of material points with respect
to the same Cartesian coordinate system. The Cartesian
tensor notation, the summation convention for repeated
tensor indices, and the convention that a comma followed
by an index denotes partial differentiation with respect to
the coordinate associated with the index will be used. A
superimposed dot represents material time derivative. The
stationary condition of the following functional gives the
equations governing the nonlinear behavior of an electroe-
lastic body [9]:

t
1 .
H(yz',¢)=/ dt/ [§p0yiyi_p077(EKL7WK)
to 1%

+ pofiyi — PE¢:| av

t t
+/ dt/ TiyidS—/ dt/ TpdS,
to ST to So

where pg is the mass density in the reference configuration,
pE is the free-charge density per unit undeformed volume,
f1 is the body force per unit mass, T'; is the surface traction
per unit undeformed area, 7 is the surface free charge per
unit undeformed area, ¢ is the electric potential, and 7 is

an energy density per unit mass (the total energy density

(2)
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in [9]). 7 is a function of y; and ¢ through the finite strain
tensor Fk and the reference electric potential gradient
Wk given below, and the admissible y; and ¢ for II satisfy
the following boundary conditions on Sy, and Sg:

Exr = (yi,xyi,L —90kr)/2, in V,
Wk =—¢x in 'V,

on Sy,

where 0k is the Kronecker delta, and 7, and ¢ are pre-
scribed boundary motion and potential. The energy den-
sity m that determines the constitutive relations of nonlin-
ear electroelastic materials may be written as [10]:

1
pOW(EKL, WK) + §€0JEkEk

1
EapEcp —eapcWaEBc — 53X WaWp
2AB

WaEBcEpE

1

—c
224BCD
1 1

+ —c EapEcpEEr + Zk
63ABCDEF 21ABCDE

1 1
- §bABCDWAWBECD X WaWpWe

3ABC

—c EapEcpFEerEgn
244ABCDEFGH (4)
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where J = det(yx,r), Ex = —¢ 1 and ¢q is the dielectric
permittivity of free space. The material constants:

¢ y EABC, X )

2ABCD 2AB

c ) k ) bABCD7 X )

3ABCDEF l1ABCDE 3 ABC (5)

c k a k

) ) ) ) X )
4ABCDEFGH 2ABCDEFG lABCDEF 3ABCDE 44Apcp

are the second-order elastic, piezoelectric, electric perme-
ability, third-order elastic, first odd electroelastic, elec-
trostrictive, third-order electric permeability, fourth-order
elastic, second odd electroelastic, first even electroelastic,
third odd electroelastic, and fourth-order electric perme-
ability, respectively. These material constants are called
the fundamental material constants. The second-order
constants are responsible for linear material behaviors.
The third- and higher-order material constants are related
to nonlinear behaviors of materials. The stationary condi-
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tion of II implies [9] the following equations and natural
boundary conditions of nonlinear electroelasticity:

Kri,L + pofr = polir, in 'V,
Ak x =pe, inV,

KNy =Ty on Sr,
AxNkg =—7 on Sy,

(6)

where Ny, is the unit exterior normal of S. K and Ag
are the first Piola-Kirchhoff stress tensor and the reference
electric displacement vector, respectively, and are defined
from 7 by the following constitutive relations:

Kk = yr,xk poOn/OEKL,

7
AKZ—poaﬂ'/WK. ( )

Eq. (3) and (6) form the boundary-value problem of non-
linear electroelasticity, with additional initial conditions
if a dynamic problem is under consideration. They can
be written as four equations for y;(X,t) and ¢(X,¢). The
above procedure of using the total energy density 7 is com-
pact and concise. Next we partition 7 into:

—pom(Exr, Wk) = —po(Exr, Wk) + e(Exr, Wk),
(8)

where we have denoted:
2e(Exr,Wk) =eoJErEr = e0J k0.
=0 Xk XM ED LO M
= €0Jé/2021%/[WLWM, (9)
Ckr = Yr,kYk,L = 2EKk1 + 0k1,
C[_(iCLM =d0xm, Jo = det(C’KL) = J%
Physically, e represents pure electrostatic energy per unit

undeformed volume. v is a free-energy density per unit
mass. Comparing (8) with (4), we find:

1
FErxp,Wk) = =c
Pow( KL K) 224ABcD
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With the following partial derivative of e [9]:

86/8EKL = —JXK,kXLJE()(EkEl -
86/8WK = JXK’keoEk.

EmEmékl/Q)v
(11)

The constitutive relations in (7) take the following form
when 1 is used:

Krk = yr,xpoo/0EkL + J X jeo(E;Ex —
A = —pooy /OWk + J Xk ke E.

E,E;d;1/2),
(12)

Eq. (12) is exactly the same as what is given in [3]. The
partition of energy in (8) implies the separation of the
Maxwell’s stress tensor [the last term in (12);] and the
reference electric field vector [the last term in (12)3], which
is physically more revealing.

III. BIASING AND INCREMENTAL FIELDS

Consider an electroelastic body. We distinguish the fol-
lowing three configurations.

A. The Reference Configuration

In the reference state, the body is undeformed and free
of all fields. A generic point at this state is denoted by X
with rectangular coordinates X . The mass density in the
reference configuration is denoted by pg.

B. The Initial Configuration

In this state the body is under the action of body force

(0)

fa © , body free charge py’, prescribed surface motion £

traction fo), potential ¢ ), and free charge o°). The
body has deformed finitely and carries finite electric fields.
The position of the material point associated with X is
given by &, = &(X, t), with the Jacobian of the initial de-
formation denoted by J(®) = det(&,.1). The electric poten-
tial of this state is denoted by ¢(®) (X, t), and the electric
field by E&O) = —¢f2). The initial deformations and fields
£.(X,t) and ¢(© (X, t) satisfy the equations of nonlinear
electroelasticity (3) and (6) under f(o), p%)), T(O , (;S(O)
and 7. The solution to the initial deformation problem
is assumed known.

C. The Present Configuration

To the deformed body at the initial configuration, in-
finitesimal deformations and electric fields are applied. The
body is under the action of f;, pg, 7;, Ts, ¢, and &. The
final position of the material point associated with X is
given by y;(X,t), with electric potential ¢(X,t). v;(X, 1)
and ¢(X,t) also satisfy (3) and (6).
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IV. VARIATIONAL PRINCIPLE AND GOVERNING
EQUATIONS FOR THE INCREMENTAL FIELDS

The incremental deformation is assumed to be infinites-
imal; therefore we write:

Yi = Oia (fa + 5“&)7 (13)

where ¢ is a small and dimensionless number, §;, is the

Kronecker delta, and eu is the small incremental displace-

ment vector. Corresponding to (13), other quantities of the
present state can be written as:

b= ¢(0) + 6(;5(1) + 62¢(2) e
= B0+ eI+ 2 ),

0 1 2
pE —p&;’+sp§;’+e pE

ia (5 + 5uo¢)

0
_ % T )

+ T 52T<2> )

HI =

¢:¢ +€¢ ' +e ¢
E:E(O)+55(1)+525(2)...,

where, due to nonlinearity, higher powers of € may arise.

We want to derive equations governing u and ¢"). From
(13) and (14), we can further write:
Exr = EW) +EQ) +2EY) .
Wi =W +eWid + 2w .. o)
where
EQ) = — 6x1)/2
k1 = (§a,k6a,L —0KkL)/2,
Eg}, = (ga,Kua,L + fa,Lua,K)/27
Eg}‘ = ua,Kua,L/27
) _ _40) (16)
Wy’ = —qb,
Wi = ¢
Wi = —¢>f§2.
Substituting (13)—(16) into II in (2), we obtain:
=19 4 e1® 4+ 210® ... (17)
where
' g ©) 150
H(O) :/ dt/ |:p05a£a/2 - pOW(EKvaK )
to 1%
+ pof86n — p§§’¢<0>} av
(18)

t t
+ / dt / TV¢.ds — / dt / 700 gs,
to ST to Sa
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¢
- om
H(l) :/ dt/ |:p0£aua — Po EYo o o Eg%
to 14 KL Eﬁ()L’WI(()
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+pof S+ pof D6 — i 9V - p%(“)} av
t (19)
+ / dt / (T we + T4 60)dS
to STt
¢
_/ dt/ T 4 5D pO)gs,
to So
and
@_ [ LN on (2)
II :/dt/ §p0uaua—pan . oEL
to 1% KLIEQ w®
87‘( (2)
— w
PO oWk | po wo
1 0*n (1) (1)
—5P0 3 A ExrEvn
2 8EKL(9EMN Ef,?)L,W;({O)
0*n (1) (1)
—P0 A A Wi Ekr,
8WM8EKL Ei(r?)L»Wz(f)
1 0*n (1) (D) 20)
A - ww 2
0 OWnOWN | 5 11y e W'+ pofa
KL’ K

+p0f 0 — pl 02 — 60 = p 6 |av
t
4 / dt / TV ug +TP¢,)ds
to ST

t
—/ dt/ (5(0)¢(2)+5(1)¢(1)+5(2)¢(0))d5.
to S

Comparing (18) to (2), we recognize (18) to be simply
the variational functional for the initial deformation.

Using the fact that the initial deformation satisfies (3)
and (6), I in (19) can be written into the following much
simpler form:

t
n =/ dt/(ﬂofé”fa—pg)aﬁ(o))dV
to 1%

t t
+/ dt/ TWe,ds — dt/ 71 g5,(21)
to St to So

which does not depend on u and ¢") anymore. If féo), pg),

T((IO), and © were held constant—or, in other words—
f((xl) = pg) = TS) =7 =0, then I® = 0, which simply
shows that II(?) is the variational functional for the initial
deformation.

We are interested in equations for the first order in-
cremental fields u and ¢(*). Therefore, we drop all second
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(2)

order quantities ¢, féQ), pg), T, and 7@ in 11® and

obtain:

t
F(ua ¢(1)) = / dt/ |:p0uaaoz/2 - GKaL'yuK,aUL,'y/2
to 1%
- RKL7¢,(11()UL,7 + LKL¢,(11<)¢,(?/2

+ pofM e — pg)qb(”} av

(22)
t t
+ / dt / TWuads — [ dat / 7D gs,
to St to So
where
0%
GraLly = &a,MPO 75— ,
v 8EKM8ELN E;?LW;?) K
om
+ po dary = GLyKas
OBKL b, wio
o
Ricty = —po =% @
KLy = 7P oW icdBs EO 1© St
KL’ K
R
Lir = —po ——T = Lok,
KL 2 W W e J— LK

are the effective elastic, piezoelectric, and dielectric con-
stants. They are functions of linear and nonlinear mate-
rial constants through 7. They also depend on the biasing
fields (assumed known). We note that the integrand of the
volume integral in (22) is quadratic in the gradients of u
and ¢, The admissible u and ¢! for I' in (22) must
satisfy:

(

Ua = Uq ON Sy, oM =34 Y on S4. (24)

The first variation of I' is found to be:
T o) = [ Lt / [(K&i,L T p0fD — poiia)du,
to
+ (AR ~ pg))&b(”} av
+ / "t / T — KYONp)ouqds  (25)
to Sr

t
- / dt / (AW N +7D)56Mds,
to So

where we have introduced and denoted the incremental
stress tensor and electric displacement vector by the fol-

lowing effective constitutive relations for the incremental
fields:

KSL = GKaLyUy,L + RLKa¢,(P7

(26)

1 1

Ay’ = Ricryup — Lied'p-
We note that in (26) the incremental stress tensor and

electric displacement vector depend linearly on the incre-

mental displacement gradient and potential gradient. The
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stationary condition of I' then implies the following equa-
tions and natural boundary conditions for the incremental
fields:

K i+ pof) = poiia, in V,
A%)K = pg), in V,
Kgo)zNL = TS) on ST,
ADN. = —5D on S
K K o on oy
which, together with (24), form the boundary-value prob-

lem for the incremental fields. If the partition of energy
(8) is introduced into (23), we have:

a —¢ 827@& ¢
KoLy — o, M PO aEKMaELN £© W(O) ~,N
KL K
0
+ po 8Ew © o 6047 + 9KaLy,
KL Err Wk
0%
Ricrs = —po —20 (28)
K= 7P W icdEL | o W© Svbt +TKLy
KL K
0%
Lip = —po = l
KL po 8WK8WL £O w© tKL
KL K

where
9KaLy = 0 {E&O)Eéo) (Xk,p XLy — XK/ XL,8)

+ EY B0 (Xka X~ XicpXLa)
+ BB (Xin X0~ XioX10)/2

_ E&o)Ego)XK’gXL,g}, (29)
ricry =0 V(B Xk o X1y
~EOXkrXra — BV Xk o X1 .0),
kL = 60J(O)XK,QXL,Q,
which are the equations given in [3]. We note that the
equation in [3] corresponding to (29); has been found to

be with some algebraic errors [11], while (29); is believed
to be correct.
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V. CONCLUSIONS

From the variational formulation of nonlinear electroe-
lasticity, by a systematic expansion procedure, a varia-
tional principle is obtained for infinitesimal incremental
deformations and fields superposed on finite biasing defor-
mations and fields in an electroelastic body. The station-
ary condition of the derived variational principle yields the
governing equations for the incremental deformations and
fields. The total energy formulation simplifies the deriva-
tion procedure.
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