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Analysis of a thickness-shear piezoelectric
transformer

J.S. Yang and X. Zhang
Department of Engineering Mechanics, University of Nebraska, Lincoln, NE 68588, USA

Abstract. A theoretical analysis is performed on a high voltage piezoelectric transformer operating with thickness-shear
modes using the zero-dimensional equations of a piezoelectric parallelepiped. Analytical solutions for the transforming ratio
and efficiency of the transformer are obtained. Their dependence on the driving frequency, load impedance and geometric
parameters are examined.

1. Introduction

Piezoelectric materials can be used to make transformers of various designs [1–4]. They can be
classified as low or high voltage transformers. A high voltage piezoelectric transformer works with two
characteristic lengths, one is small and the other is large. The transformer is driven into mechanical
vibration at its driving portion by an applied voltage across the smaller characteristic length, so that a
low driving voltage can generate a reasonably strong electric field and the accompanying mechanical
field through the piezoelectric effect. This mechanical field propagates into the receiving portion of
the transformer and produces an electric field and hence voltage there, again because the material is
piezoelectric. For high voltage transformers this voltage accumulates spatially in the receiving portion
and is picked up by electrodes across the larger characteristic length of the transformer. The traditional
high voltage transformer is the Rosen transformer [1] working with extensional vibration modes of a rod.
A low voltage transformer works with the small characteristic length at both the driving and receiving
portions. Examples are the thickness extension mode of a plate [2], Lame mode of a plate [3], or shear
mode of a plate or beam [4].

A high voltage piezoelectric transformer operating with thickness-shear modes was proposed in [5].
When made of ceramics, the thickness-shear high voltage transformer suggested in [5] works with the
piezoelectric constantd15, while the conventional extensional high voltage transformer usesd31 andd33.
For commonly used ceramics,d15 is much larger thand31 or d33 in value [6]. Hence more effective
transforming can be expected for the ceramic thickness-shear transformers suggested in [5] than the
common Rosen type ceramic extensional transformers. Rosen transformers using longitudinal extension
modes are mounted at the nodal points of the extensional modes. Theoretically, mounting at nodal points
will not affect the performance of the transformer. In reality this is difficult to achieve because any
mounting will actually occupy a small area around the nodal point. Furthermore, the exact locations of
nodal points are in fact changing when the transformer is working under different driving and loading
conditions. Thickness-shear transformers can be mounted in a different way by the energy-trapping
technique [7]. With the Energy-trapping technique, the thickness-shear vibration of the transformer can
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Fig. 1. A rectangular parallelepiped.

be confined in one portion of the transformer and in the rest of the transformer there is no shear motion.
In this region without motion, the transformer can be mounted without affecting its vibration.

The major characteristics of a piezoelectric transformer can be obtained from an analysis based on
the linear theory of piezoelectricity. A piezoelectric free vibration analysis was performed in [5] on the
thickness-shear high voltage piezoelectric transformer suggested. Free vibration frequency equation and
modes were obtained. The purpose of the free vibration analysis is to analytically exhibit the mechanism
of the transformer by showing the operating modes.

Recently, zero-dimensional equations for motions of a piezoelectric parallelepiped were derived in [8]
from the three-dimensional equations of piezoelectricity. These equations represent a generalization of
the zero-dimensional equations of an elastic body [9]. The zero-dimensional equations obtained in [8]
are ordinary differential equations with time as the only independent variable, which are the simplest
model of a deformable body and are convenient for theoretical analysis because of their simplicity. The
equations in [8] can be used to model the motion and deformation of a piezoelectric body in any particular
vibration or deformation mode. The lowest order equations for homogeneous deformations and uniform
electric fields have been used to model a ceramic thickness-shear piezoelectric gyroscope [8]. Many
piezoelectric components used as transducers, resonators or sensors are piezoelectric bodies in single-
mode vibrations which can be very well modeled by the zero-dimensional theory. For designs of many
piezoelectric devices the global behavior like the transforming ratio or input-output powers are of main
interest. For these purposes the zero-dimensional equations which are in terms of averaged quantities
can lead to simple and useful results.

In this paper we perform a forced vibration analysis of the transformer in [5] under a time-harmonic
driving voltage. The analysis is based on the zero-dimensional equations of a piezoelectric parallelepiped.
The transformer will be treated as two connected piezoelectric parallelepipeds, one represent the driving
portion and the other the receiving portion. Equations for the whole transformer are obtained using the
continuity conditions between the two portions. Simple analytical solutions are obtained showing the
basic behaviors of the transformer.

2. Equations for a piezoelectric parallelepiped

The three-dimensional equations for linear piezoelectricity can be written as [10]

Tji,j + ρfi = ρüi , Di,i = 0,

Tij = cijklSkl − ekijEk, Di = eijkSjk + εS
ijEj , (1)
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Sij =
1
2
(ui,j + uj,i), Ei = −φ,i,

whereui is the mechanical displacement vector,Tij the stress tensor,Sij the strain tensor,Ei the electric
field,Di the electric displacement, andφ the electric potential.εijk is the permutation tensor.cijkl, ekij

andεS
ij are the elastic, piezoelectric and dielectric constants.ρ is the mass density, andf i the body force.

Equations in Eq. (1) are the balance of linear momentum, electrostatics, mechanical and electric constitu-
tive relations, strain-displacement relation and electric field-potential relation, respectively. Summation
convention for repeated tensor indices and the convention that a comma followed by an index denotes
partial differentiation with respect to the coordinate associated with the index are used. A superimposed
dot represents time derivative. On the boundary of a finite piezoelectric body, usually the mechanical
displacementui or the traction vectorTjinj, and the electric potentialφ or the normal component of the
electric displacement vectorDini are prescribed. Very often, constitutive relations of the following form
are more convenient.

Sij = sijklTkl + dkijEk, Di = dijkTjk + εT
ijEj . (2)

Consider a piezoelectric rectangular parallelepiped as shown in Fig. 1. The zero-dimensional theory
is based on the following expansions of the three-dimensional mechanical displacement vector and the
electrostatic potential [8].

uj(x1, x2, x3, t) =
∞∑

l,m,n=0

xl
1x

m
2 xn

3u
(l,m,n)
j (t),

(3)

φ(x1, x2, x3, t) =
∞∑

l,m,n=0

xl
1x

m
2 xn

3φ(l,m,n)(t) .

Substitution of Eq. (3) into the variational formulation [10] of the three-dimensional theory of piezo-
electricity leads to the zero-dimensional equations of a piezoelectric parallelepiped. The lowest order
equations of motion and electrostatics corresponding to (l,m, n) = (0,0,0), (1,0,0), (0,1,0) and (0,0,1)
are [8].

F
(0,0,0)
j = ρ8abcü

(0,0,0)
j ,

(4)
D(0,0,0) = 0 ,

− T
(0,0,0)
1j + F

(1,0,0)
j = ρ

8a3bc

3
ü

(1,0,0)
j ,

(5)
−D

(0,0,0)
1 + D(1,0,0) = 0 ,

− T
(0,0,0)
2j + F

(0,1,0)
j = ρ

8ab3c

3
ü

(0,1,0)
j ,

(6)
−D

(0,0,0)
2 + D(0,1,0) = 0 ,

− T
(0,0,0)
3j + F

(0,0,1)
j = ρ

8abc3

3
ü

(0,0,1)
j ,

(7)
−D

(0,0,0)
3 + D(0,0,1) = 0 ,
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where the zero-dimensional stress resultants and the electric displacement resultants are defined by

T
(0,0,0)
ij =

∫
V

TijdV, D
(0,0,0)
i =

∫
V

DidV . (8)

In Eq. (8),V = 8abc is the volume of the parallelepiped. Surface traction, surface charge and body force
of various orders are defined by

F
(l,m,n)
j = T

(l,m,n)
j + ρf

(l,m,n)
j ,

T
(l,m,n)
j =

∫ b

−b
dx2

∫ c

−c
dx3[T1j(a) − (−1)lT1j(−a)]alxm

2 xn
3

+
∫ a

−a
dx1

∫ c

−c
dx3[T2j(b) − (−1)mT2j(−b)]bmxl

1x
n
3 (9)

+
∫ a

−a
dx1

∫ b

−b
dx2[T3j(c) − (−1)nT3j(−c)]cnxl

1x
m
2 , f

(l,m,n)
j =

∫
V

xl
1x

m
2 xn

3fjdV ,

D(l,m,n) =
∫ b

−b
dx2

∫ c

−c
dx3[D1(a) − (−1)lD1(−a)]alxm

2 xn
3

+
∫ a

−a
dx1

∫ c

−c
dx3[D2(b) − (−1)mD2(−b)]bmxl

1x
n
3 (10)

+
∫ a

−a
dx1

∫ b

−b
dx2[D3(c) − (−1)nD3(−c)]cnxl

1x
m
2 .

Constitutive relations for the above equations are given by [8].

T
(0,0,0)
M = 8abc(cMNS

(0,0,0)
N − ekME

(0,0,0)
k )

(11)
D

(0,0,0)
i = 8abc(eiNS

(0,0,0)
N + εikE

(0,0,0)
k ),

where the compact matrix notation [10] for the three-dimensional elastic, piezoelectric, and dielectric
tensorscijkl, ekij , andεij are used withM,N = 1, 2, . . ., 6. The lowest order strains and electric fields
are given by

S
(0,0,0)
1 = u

(1,0,0)
1 , S

(0,0,0)
4 = u

(0,0,1)
2 + u

(0,1,0)
3 ,

S
(0,0,0)
2 = u

(0,1,0)
2 , S

(0,0,0)
5 = u

(1,0,0)
3 + u

(0,0,1)
1 , (12)

S
(0,0,0)
3 = u

(0,0,1)
3 , S

(0,0,0)
6 = u

(0,1,0)
1 + u

(1,0,0)
2 ,

E
(0,0,0)
1 = −φ(1,0,0), E

(0,0,0)
2 = −φ(0,1,0), E

(0,0,0)
3 = −φ(0,0,1). (13)

With successive substitutions, the above equations can be written as equations foru
(0,0,0)
j , u

(1,0,0)
j ,

u
(0,1,0)
j , u

(0,0,1)
j , φ(1,0,0), φ(0,1,0), andφ(0,0,1) which govern the rigid body motion and homogeneous

deformation of the parallelepiped with uniform electric fields.



J.S. Yang and X. Zhang / Analysis of a thickness-shear piezoelectric transformer 135

X2 

X3 

X1

2l

2 h

2w 

l2φ=0 

φ=V1(t) 

φ=V2(t) 
2h P P 

2 w  

I1(t) 

 Z 
I2(t) 

x1

x3 

x2 

x3 

x2 

Fig. 2. A thickness-shear high voltage piezoelectric transformer.

3. Equations for the transformer

Consider the piezoelectric transformer shown in Fig. 2. It is assumed thatl, l̄ � w, w̄ � h, h̄. The
driving portion−l̄ < X1 <0 is electroded atx3 = ±h̄, with electrodes in the areas bounded by the thick
lines. In the receiving portion 0< X1 < l, the beam is electroded at the endX1 = l. The driving portion
and the receiving portion may have slightly different thickness2h̄ and 2h, and width2w̄ and2w.V1 is
the input voltage andV2 the output voltage. When it is made of polarized ceramics, the polarization in
the driving and receiving portions are as shown. For each portion of the transformer there exists a local
Cartesian coordinate systemxi with its origin at the center of the portion and directions along the global
systemXi. The thickness-shear motion we are considering can be approximately represented by

u1
∼= x3u

(0,0,1)
1 , u2

∼= 0, u3
∼= 0. (14)

In the driving portion the electric potential is the known driving potential with

φ ∼= φ(0,0,0) + x3φ
(0,0,1), φ(0,0,0) = V1/2, φ(0,0,1) = V1/(2h̄). (15)

In the receiving portion the electric potential can be written as

φ ∼= φ(0,0,0) + x1φ
(1,0,0), φ(0,0,0) = V2/2, φ(1,0,0) = V2/(2l), (16)

whereV2 is unknown.

3.1. Equations for the receiving portion

Ceramics poled in theX3 direction are transversely isotropic in theX1 − X2 plane with material
matrices given by [6]



c11 c12 c13 0 0 0
c21 c11 c13 0 0 0
c31 c31 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c66




,




0 0 e31

0 0 e31

0 0 e33

0 e15 0
e15 0 0
0 0 0




,


ε11 0 0

0 ε11 0
0 0 ε33


 . (17)

The equation for the shear motionu(0,0,1)
1 can be obtained from Eq. (7)1 by settingj = 1

− T
(0,0,0)
31 + F

(0,0,1)
1 = ρ

8lwh3

3
ü

(0,0,1)
1 , (18)
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where, from Eq. (9)

F
(0,0,1)
1 =

w∫
−w

h∫
−h

−T11(X1 = 0+)X3dX2dX3. (19)

In obtaining Eq. (19), we have assumed that there is no body force and made use of the traction free
boundary conditions atX1 = 2l,X2 = ±w, andX3 = ±h. Relevant constitutive relations take the
following form from Eq. (11)

T
(0,0,0)
31 = 8lwh(c44κ

2S
(0,0,0)
5 − e15κE

(0,0,0)
1 ),

(20)
D

(0,0,0)
1 = 8lwh(e15κS

(0,0,0)
5 + ε11E

(0,0,0)
1 ).

In Eq. (20) we have introduced a thickness-shear correction factorκ in the manner of Mindlin [11]
to compensate the error caused by truncating the series expansions in obtaining the zero-dimensional
equations. For a ceramic parallelepiped we haveκ2 = π2/12. The total electric charge on the electrode
atX1 = 2l and the electric current flows out of the electrode are given by

Q2 = −D
(0,0,0)
1 /(2l), I2 = −Q̇2. (21)

3.2. Equations for the driving portion

For ceramics poled in theX1 direction, the material matrices can be obtained by reordering rows and
columns of the matrices in Eq. (22), with the result



c33 c13 c13 0 0 0
c13 c11 c12 0 0 0
c13 c12 c11 0 0 0
0 0 0 c66 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44




,




e33 0 0
e31 0 0
e31 0 0
0 0 0
0 0 e15

0 e15 0




,


ε33 0 0

0 ε11 0
0 0 ε11


 . (22)

The equation of motion is

− T
(0,0,0)
31 + F

(0,0,1)
1 = ρ

8l̄w̄h̄3

3
ü

(0,0,1)
1 , (23)

where

F
(0,0,1)
1 =

w̄∫
−w̄

h̄∫
−h̄

T11(X1 = 0−)X3dX2dX3. (24)

The constitutive relations are

T
(0,0,0)
31 = 8l̄w̄h̄(c44κ

2S
(0,0,0)
5 − e15κE

(0,0,0)
3 ),

(25)
D

(0,0,0)
3 = 8l̄w̄h̄(e15κS

(0,0,0)
5 + ε11E

(0,0,0)
3 ).

For the charge and current on the electrode atX3 = h̄ we have

Q1 = −D
(0,0,0)
3 /(2h̄), I1 = −Q̇1. (26)
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3.3. Equations for the whole transformer

Substituting Eq. (20)1 into Eq. (18), and Eq. (25)1 into Eq. (23), adding the resulting equations and
making use of Eq. (14)1 and the continuity conditions

T11(X1 = 0−) = T11(X1 = 0+), u1(X1 = 0−) = u1(X1 = 0+), (27)

We obtain

−8lwh(c44κ
2S

(0,0,0)
5 − e15κE

(0,0,0)
1 ) − 8l̄w̄h̄(c44κ

2S
(0,0,0)
5 − e15κE

(0,0,0)
3 )

(28)
= 8/3ρ(lwh3 + l̄w̄h̄3)ü(0,0,1)

1 .

Under known time-harmonic driving voltageV1 = V̄1e
iωt, for time-harmonic solutions we employ the

complex notation and write the unknowns as

u
(0,0,1)
1 = ūeiωt, V2 = V̄2e

iωt, I1 = Ī1e
iωt, I2 = Ī2e

iωt. (29)

The receiving electrodes are usually connected by an output circuit which, when the motion is time-
harmonic, has an impedanceZL. In the special cases whenZL = 0 or∞ we have short or open output
circuit with V2 = 0 or I2 = 0. In general neitherV2 nor I2 are known and we have the following circuit
condition.

Ī2 = V̄2/ZL. (30)

Then, from Eq. (28) and Eq. (30), with the use of Eqs (12), (13), (15), (16), (20)2, (21) and (29), we
obtain the following two equations for̄u andV̄2, driven byV̄1.

−8lwh

(
c44κ

2ū + e15κ
V̄2

2l

)
− 8l̄w̄h̄

(
c44κ

2ū + e15κ
V̄1

2h̄

)
(31)

= −8
3
ρ(lwh3 + l̄w̄h̄3)ω2ū, 4whiω

(
e15κū − ε11

V̄2

2l

)
=

V̄2

ZL
.

Onceū andV̄2 are obtained from Eq. (31), we can obtain, from Eqs (20)2, (21), (25)2 and (26).

Ī2 = 4whiω

(
e15κū − ε11

V̄2

2l

)
, Ī1 = 4l̄w̄iω

(
e15κū − ε11

V̄1

2h̄

)
. (32)

4. Forced vibration analysis

We consider the case ofl = l̄ andw = w̄. Solving Eq. (31) for̄u andV̄2, substituting the results into
Eq. (32), we obtain the transforming ratio and normalized input and output currents as

V̄2

V̄1
=

k2
15

(1 + h/h̄)(1 + Z2/ZL)(ω2/ω2
0 − 1) − k2

15h/h̄

l

h̄
,

Ī2

(V̄1/Z2)
=

k2
15

(1 + h/h̄)(1 + ZL/Z2)(ω2/ω2
0 − 1) − k2

15hZL/(h̄Z2)
l

h̄
, (33)

− Ī1

(V̄1/Z1)
= 1 − k2

15(1 + Z2/ZL)
(1 + h/h̄)(1 + Z2/ZL)(ω2/ω2

0 − 1) − k2
15h/h̄

,
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Fig. 3. Transforming ratio versus driving frequency.

where

k2
15 =

e2
15

ε11c44
, ω2

0 =
3κ2c44

ρ(h2 − hh̄ + h̄2)
,

(34)

Z1 =
1

iωC1
, C1 =

ε114l̄w̄
2h̄

, Z2 =
1

iωC2
, C2 =

ε114wh

2l
.

In Eq. (34), k15 is an electromechanical coupling factor,ω0 the thickness-shear resonant frequency for
shorted receiving electrodes (ZL = 0) as predicted by the zero-dimensional theory, C1 and C2 the static
capacitance of the driving and receiving portions, and Z1 and Z2 the impedance of the two portions. As
a numerical example, for PZT-5H, we have [6].

ρ = 7500 kg/m3, c11 = 12.6, c33 = 11.7, c44 = 2.30,

c12 = 7.95, c13 = 8.41 × 1010 N/m2,

c66 = (c11 − c12)/2,
(35)

e15 = 17.0, e31 = −6.5, e33 = 23.3 C/m2,

ε11 = 1700ε0, ε
=
331470ε0, ε0 = 8.854 × 10−12 farads/m.

Material damping can be included by allowingcpq to assume complex values [12]. In our case,c44

will be replaced byc44(1 + iQ−1), wherec44 andQ are real and the value ofQ for ceramics is usually
on the order of 102 to 103 [12]. In the following, we will fix the value ofQ to be 102 in our calculations.

The transforming ratio|V̄2/V̄1| as a function of the driving frequencyω is shown in Fig. 3. It is seen
that whenω is close to the resonant frequencyω0, the transforming ratio assumes maximum, indicating
that the transformer is a resonant device working only at (or close to) a particular frequency. We note
that in general the load impedanceZL is also a function ofω. The form of this function depends on the
specific structure of the loading circuit. When the loading circuit is essentially capacitive,ZL is pure
imaginary andZ2/ZL is a real number.
|V̄2/V̄1| versus the aspect ratiol/h̄ (the length of the receiving portion over the thickness of the driving

portion) is plotted in Fig. 4. An essentially linearly increasing behavior is observed. Fig. 4 exhibits
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Fig. 4. Transforming ratio versus aspect ratio.

Fig. 5. Transforming ratio versus load.

the voltage raising ability of this transformer from a different angle. Clearly, for large aspect ratios or
long and thin transformers, high voltage output can be achieved. The zero-dimensional equations are
particularly suitable for long and thin transformers with almost uniform fields. The dependence of the
transforming ration onl/h̄ can also be seen from the factor ofl/h̄ in Eq. (33)1.

It can be concluded from inspection of Eq. (33)1 that for smallZL or almost shorted receiving
electrodes,|V̄2/V̄1| as a function ofZL is linear inZL. For very largeZL or almost open receiving
electrodes, the transforming ratio approaches a constant (saturation). We note from Eq. (33)2 that the
output current̄I2 has such a dependence onZL that whenZ is smallĪ2 has a finite value and whenZL

is largeĪ2 approaches zero. This is as expected.| V̄2/V̄1| as a function ofZL is shown in Fig. 5.
The input and output powers of the transformer, in terms of the complex notation, are given by

P1 =
1
4
(Ī1V̄

∗
1 + Ī∗1 V̄1) , P2 =

1
4
(Ī2V̄

∗
2 + Ī∗2 V̄2), (36)
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Fig. 6. Efficiency versus load.

where an asterisk means complex conjugate. Then the efficiency of the transformer is defined by

η = P2/P1. (37)

It can be concluded that the efficiency as a function ofZ behaves as follows. For small loads,η
depends on the load linearly. For large loads,η decreases to zero. The efficiency as a function ofZ L is
shown in Fig. 6. The behaviors shown in Figs 3–6 for the thickness-shear transformer are qualitatively
very similar to the behaviors of the Rosen extensional transformer analyzed in [13].

5. Conclusion

Piezoelectric materials can be used to make thickness-shear high voltage piezoelectric transformers.
Analytical solutions for the forced vibration characteristics of a thickness-shear transformer are obtained.
The solutions show that high voltage output can be achieved using large aspect ratios. The zero-
dimensional equations for a piezoelectric parallelepiped are shown to be effective in the analysis of the
transformer.
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