UNL - Department of Physics and Astronomy

Preliminary Examination - Day 1
Thursday, May 10, 2018

This test covers the topics of Classical Mechanics (Topic 1) and Electrodynamics (Topic 2). Each
topic has 4 “A” questions and 4 “B” questions. Work two problems from each group. Thus, you
will work on a total of 8 questions today, 4 from each topic.

Note: If you do more than two problems in a group, only the first two (in the order they appear
in this handout) will be graded. For instance, if you do problems A1, A3, and A4, only Al and A3
will be graded.

WRITE YOUR ANSWERS ON ONE SIDE OF THE PAPER ONLY
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Classical Mechanics Group A - Answer only two Group A questions

A neutron star consists of neutrons bound together by gravitational attraction and has an
extremely high density p.What is the maximum angular frequency of rotation if a mass is not

to fly off the surface? Give your answer in terms of the density of the star and some constants.
You may assume a constant density and a spherical star.

In a homonuclear noble gas dimer (Ne,, Ar,, etc.), the repulsive/attractive balance be-
tween the two atoms is well represented by the Lennard-Jones potential, given by

V(r)=4e|(a/r)* ~(o/r)].

a. Find the equilibrium position.
b. When m is the mass of each atom in the dimer, find the frequency @ of small oscillations
about the equilibrium position.

A point particle of mass m traces out a complicated path given by

x=at’, y=bt, and z=ct>.

a. Find the angular momentum L as a function of time
b. Find the torque N as a function of time.

Consider two particles of equal mass m. One is stationary and the other moves with veloc-
ity v, striking the stationary particle. After the collision the particles both move, with momenta
p,; and p,.. Assuming a perfectly elastic collision, what is the angle between particles’ velocity

vectors after the collision?
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Classical Mechanics Group B - Answer only two Group B questions

A pendulum consists of a rod of zero mass and a small

object of mass m attached to it at the end. The angle the rod
makes with the vertical is called @, as shown.

Q!

Write the Lagrangian of the system.

Write the Hamiltonian of the system. -

Write the equation of motion.
If, at time t =0, we have 8 =6, and 0 =0, what is the

a
b
c. What is the generalized momentum p, ?
d
e

maximum speed at some later time?

A small object of mass m is projected into the air with initial velocity whose Cartesian
components are (vo,, Voy, 0). Assuming the linear air resistance, F = —cv, and the constant
acceleration of gravity ¢

(a) Find the object’s velocity as a function of time.

(b) Find the object’s position (z,y) as a function of time. Assume the initial position at
the origin of the coordinate system.

(c) Investigate the behavior of velocity and the position in the limit ¢ > m/c.

(d) How much energy has been dissipated into the air by the time ¢ > m/c? What is

the rate of the energy dissipation in this limit?

A box of mass m is pushed against a spring of negligible mass and force constant k, com-
pressing it a distance x. The box is then released and travels up a ramp that is at an angle «
above the horizontal. The coefficient of kinetic friction between the box and the ramp is 4, ,

where 1, <1. The box is still moving up the ramp after traveling some fixed distance s > |x

along the ramp. Calculate the angle « for which the speed of the box after traveling this dis-
tance s is a minimum.



Preliminary Examination - page 4

Consider a car of mass m that is acceler-
ating up a hill, as shown in the figure. The
road makes an angle € with the horizontal,
as shown. An automotive engineer has meas-
ured the magnitude of the total resistive force
tobe f,=218+0.700%, where f; isin N and

v is the speed in m/s.

a. Determine the power the engine must
deliver to the wheels as a function of
speed and acceleration.

b. The mass of the car is 1450 kg, and the
hill has 8 =10° . When the car acceler-

ates with a constant acceleration a=1.0 m/s* from speed 0 m/s to 27 m/s, what is the

output power as function of time?



Electrodynamics Group A - Answer only two Group A questions

Two thin plates of infinite area and made of
insulating material are on either side of the origin
and a distance d away from it. They carry uni-
formly-distributed surface change densities o, and

o, as shown in the figure. Find the electric potential

difference between the two plates.

An electric dipole consists of two charges
of equal magnitude and opposite sign separated
by a distance 24, as shown in the figure. The di-
pole is along the x axis and is centered at the
origin.

a. Calculate the potential V and the electric

field E_on the x axis anywhere between

the two charges (so for —a<x<a)
b. Give expressions for Vand E_ on the x-

axis very far from the dipole (x>a).

The magnetic field between the poles of
the electromagnet in the figure is uniform at any
time, but its magnitude is increasing at the rate
of 0.020 T/s. The area of the conducting loop in
the field is 120 cm? The total resistance of the
circuit, including the meter, is 5 Q.

a. Find the induced emf and the induced

current in the circuit.
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b. 1If the loop is replaced by one made of an insulator, what effect does this have on the in-

duced emf and the induced current?
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A current I flows through a rectan-

gular bar (width W and length L) of con- voltmeter
ducting material along the x direction in — /’{/\\_'_ I

the presence of a uniform magnetic field L2

z

B, pointing in the z direction, as shown  p T

in the figure.

a. If the moving charges are posi- g source

tive holes with speed v_(asis

the case, for example, in certain T t
semiconductors) instead of elec- W

trons (which the figure shows),

Z

in which direction are these
holes deflected by the magnetic
field?

This deflection results in an accumulation of charge on the sides of the bar, which in turn pro-

duces an electric force counteracting the magnetic one. Equilibrium occurs when the two cancel.

b. Find the resulting potential difference (the Hall voltage, V,,) between the two sides of the

bar.
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Electrodynamics Group B - Answer only two Group B questions

Consider the infinite net-

work of identical resistors shown
in the figure. Each resistor has re-
sistance r. What is the resistance
between the points A and C?

B - AN

C —aw

A rod of length L and mass m

sits at rest on two frictionless con-
ducting rails. A constant magnetic

V-

X

field B is applied as shown in the
figure. The resistance of the rod is
R. At time t=0 a switch Sis closed,
connecting a battery with potential
V to the rails. The rod begins to
move.

A very long, solid, insulating cylinder
with radius R has uniform volume charge den-
sity p. We then drill a cylindrical hole in the
original cylinder along its entire length, as
shown in the figure. The hole has radius 4 and
its axis is at a distance b from the center of the
original cylinder. The geometry is such that
a<b<R and a<R-b. Find the magnitude of
the electric field in the hole.

DI® @ ®
I ® ® (| ®
Il ® (| ®
I ® ® (| ®
I ® (| ®

a. Find the terminal speed of the rod (after S has been closed for a very long time).
b. Find the speed of the rod as a function of time.
c. Find the current in the loop as a function of time.



Two identical, flat, circular coils of
wire each have n turns and a radius of R.
The coils are arranged as a set of Helmholtz
coils (see figure), parallel and with a separa-
tion of R. If each coil carries a current of I,
determine the magnitude of the magnetic
field at a point that is on the common sym-
metry axis of the coils and halfway between
them.
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Physical Constants

speed of light.........ccocc.... c=2.998x10° m/s electrostatic constant ... k = (47¢,)”" =8.988x10" m/F
Planck’s constant ........... h=6.626x10" ] s electron mass ............... m, =9.109x10~" kg
Planck’s constant / 27.... i=1.055x10" J-s electron rest energy...... 511.0 keV

Boltzmann constant ...... k, =1.381x107> J/K Compton wavelength .. 4. =h/m c=2.426 pm
elementary charge ......... e=1.602x10" C Proton mass ................. m, =1.673x10 kg =1836m,
electric permittivity ...... &, =8.854x10™" F/m R T6) oV O a, =h*/ke*m, =0.5292 A
magnetic permeability ... 4, =1.257x10° H/m 1 hartree (=2 rydberg) ... E, =#*/m_a,’> =27.21 eV
molar gas constant.......... R=8.314 ] /mol-K gravitational constant ... G = 6.674x10™"" m’/ kg s’
Avogadro constant ....... N, =6.022x10” mol™ HIC oot hc =1240 eV -nm

Equations That May Be Helpful

TRIGONOMETRY

sin(e + ) =sina cos f + cosa sin
sin(a — f) =sina cos f —cosasin
cos(a + ) =cosa cos f—sinasin S

cos(a — ) =cosacos f +sinasin

sin(26) =2sinf cosd
cos(26) = cos® @ —sin* @ =1-2sin” # =2cos” 4 -1

sinasin ff = %I:cos(a — ) —cos(a + ﬂ)]
cosa cos ff = %[cos(a — ) +cos(a + ﬂ)}
sina cos ff = %[sin(a + ) +sin(a — ﬂ)]

cosasin ff= %[Sin(a + ) —sin(a — ﬁ)]

ELECTROSTATICS
fpE-hdn=t E-wy [Ede=V@E)-Ver) V=
s & " dre, |r—r|

b
Work done W = _.[ qE-d=g[V(b)-V(a)| Energy stored in elec. field: W =1¢, .[ Edr=Q*/2C
a 1%

Relative permittivity: ¢ =1+ y,
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Bound charges

p,=-V-P

o,=P-n

Capacitance in vacuum

Parallel-plate: C= gog

Spherical: C=4nre, ba_b
—a

Cylindrical: ~ C=27g, ﬁ (for alength L)
n(b/a

MAGNETOSTATICS

Relative permeability: x# =1+ y

Lorentz Force: F=gE+q(vxB) Current densities: = j] -dA, 1= IK -de

Id¢ xR
R2

Biot-Savart Law: B(r)= :—OJ. (R is vector from source point to field point r)
T

Infinitely long solenoid: B-field inside is B = ynl (n is number of turns per unit length)

Ampere’s law: q.DB -de= 1

encl

Magnetic dipole moment of a current distribution is given by m =1 .[da .

Force on magnetic dipole: ~ F=V(m-B)

Torque on magnetic dipole: T=mxB

B-field of magnetic dipole:  B(r) = ﬂl[e,(m £)f-m|
Az v?

Bound currents

J,=VxM
K, =Mxn
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Maxwell’s Equations in vacuum

1. vE=Z Gauss’ Law
80
2. V:-B=0 no magnetic charge
3. VxE= —% Faraday’s Law
JE , . ’ .
4. VxB=yJ+e,u, " Ampere’s Law with Maxwell’s correction

Maxwell’s Equations in linear, isotropic, and homogeneous (LIH) media

1. V-D=p, Gauss’ Law
2. V-B=0 no magnetic charge
3. VxE= —2—]3 Faraday’s Law
oD , . , .

4. VxH=]J, + = Ampere’s Law with Maxwell’s correction
Induction

. o ao
Alternative way of writing Faraday’s Law: (j.)E -l =~ dtB

Mutual and self inductance: ®,=M,I, and M, =M,,; ®=LI

21717

Energy stored in magnetic field: W=2u™ I B*dr=1LI" = %Cj} A-1dl
v
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- L VECTOR DERIVATIVES VECTOR IDENTITIES
Cartesian. dl=dxX+dyV+dzi; dr=dxdydz
Triple Products
e, o, ot
Gradient : Vi = —X+—¥+—12
ax dy~ | oz () A-BxC)=B-(CxA)=C-(AxB)
Divergence: V-v = o % 3 @) AxBxC)=BA C) - CA-B)
dx ay dz
Product Rules

Curl : Vxv = AQIEVm.TﬁQIEVm.TAgIFVW

Laplacian - vy = Xr ¥ o @ VA-B=Ax(VxB)+Bx(VxA) (A -V)B|(B-V)A

@) V() =f(Ve)+e(Vf)

X A (5) V-(fA)=f(V-A)+A-(V])
Spherical. dl =dri+rdif +rsin6dg¢; dr =r’sinfdrddde
6 V- (AxB)=B-(VxA) - A-(VxB)
ar _m-m+ 1 or .

Gradient : Vi = Sttt rmeas? (N V% (fA) = F(V x A) — A x (Vf)
" . vy = AP0 1 3 1 _dvg #) Vx(AxB)=(B-V)A-(A-V)B+AV-B) - B(V-A)
Divergence: V-v = ..u?.? =L+E.Emmm?_=m§v+nmﬁm 3
Second Derivatives

Curl : 4<||_!m.m;|¢k,
urt: XV = o e -5 |F 9 V- (VxA)=0

1T 1 du, @ 17a av, 7 » (10) Vx(Vf)=0

t; Tua ) mqﬁ:i“_u+ r TLS& N aT

(1) Vx(VxA)=V(V-A)— VA

1a i 1 a Bt 1 @
Laplacian : V% o= —— 2 — | sing- —
apacien ! Zor A_. ?v F Zsno a0 T.&%u Y iinZo 997

Cylindrical.  dl =ds§+sdpd +dzé; dr =sdsdpdz FUNDAMENTAL THEOREMS
- _ar, Mo . b, ‘ )
Gradient : Vi = M:u_.wa.“.+m|mun r
Gradient Theorem :  ['(V[)-dl= f(b) - f(a)
Divergence: V.v = Mwaheu+w§+we_h
rgence : = sReWtI Y Divergence Theorem : [(V - A)dr = fA-da

. 1dv dug . duy, A, ). I8 vy ] . Curl Theorem - VxA)-da=¢FA.dl
Carl ; v = |-=-2 S ACE F L R R J(VxA)-da=§
Curl v T& QLT.,TN ?T_;?:Eu gu_n

19 ot 1 0% o
Laplacian : Vi = - (s )+5—5+3
“aplacian 5 s A &v t et
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CARTESIAN AND SPHERICAL UNIT VECTORS

% = (sin 0 cos )t + (cos 0 cos $)0 — sin ¢ (i)
y = (sin@sing)t + (cosfsin $)0 + cos ¢ (1)
z=

coer—sm@G

INTEGRALS

j dx 7/ 2b"?
1+

€@ 7T . X dx =
2\/; J. bn+1
e—ax 1 [+ 07y 2 = ln(x+\/x2+b2)
> 2a I(xz +b*)dx = 1.au*c:tan(x/b)
2{8—ax Vr b
--------------- 3/2 ~ x
4a (2 +b) Py = ——
—ax? 1 j b*\x* +b
€ T e, — 5
242 ziszrarctan(x /D)
21 1%)24 - X +
4€—ax2 3\2/;2 I(x T 20°
, 8a [ 25 - o)
—ax 1 x* +
x \E ............... a3 dx 1 1 x2
5 e -[x(x2+b2) Y e
_ b
6@ X e, 16 7/2 J‘ dx —Lln ax—>b
a a’x* —b° 2ab  \ax+b

- i artanh L
ab b



