
 
 

 
UNL - Department of Physics and Astronomy 

 

Preliminary Examination - Day 2 
Friday, August 13, 2021 

 
 
This test covers the topics of Quantum Mechanics (Topic 1) and Electrodynamics (Topic 2).  Each 
topic has 4 “A” questions and 4 “B” questions.  Work two problems from each group.  Thus, you 
will work on a total of 8 questions today, 4 from each topic.  
 
Note: If you do more than two problems in a group, only the first two (in the order they appear 
in this handout) will be graded. For instance, if you do problems A1, A3, and A4, only A1 and A3 
will be graded. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

WRITE YOUR ANSWERS ON ONE SIDE OF THE PAPER ONLY 
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Quantum Mechanics Group A - Answer only two Group A questions 
 
 
A1. Light of wavelength 400 nm is incident on a metallic surface. If the stopping potential for the 
photoelectric effect is 1.10 eV, find 

(a) The maximum energy of the emitted electrons, 
(b) The work function, 
(c) The cutoff wavelength 

 
A2. Operator R is defined by ( ) Re[ ( )]ψ ψ=R x x . Is R Hermitian?   

A3. In a two-dimensional Hilbert space spanned by the orthonormal kets | ↑ 〉  and | ↓ 〉 , the operator F 
is defined by 

| ↑ 〉 = | ↓ 〉

| ↓ 〉 = | ↑ 〉

F
F

 

a. Is F Hermitian? 
b. Find the eigenkets and eigenvalues of F. 

 

A4. Positronium is a system consisting of an electron and its anti-particle, positron.  

(a) Calculate the energy of positronium in the state with the principal quantum number 
n=2. 

(b) Suppose positronium performs transition from the n=2 state to the n=3 state by absorb-
ing a photon. What is the photon’s wavelength? 
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Quantum Mechanics Group B - Answer only two Group B questions 
 
B1. An X-ray photon undergoes Compton scattering. The maximum possible energy which can 
be transferred to electron is 50 keV. 

(a) What is the wavelength and energy of the incident photon? 
(b) Suppose the same photon is scattered by 60◦  How large is the energy transfer in this 

case? What is the wavelength of the scattered photon? 
 

B2. The wavefunction of a particle moving in one dimension is given by 

0 / 2
( ) / 2 / 2

0 / 2

x b
x C b x b

x b
ψ

 < −
= − < < +
 > +

  

where C is a real-valued, positive constant. 

a. Normalize the wavefunction. 
b. Find ( )ϕ k , the wavefunction in k-space ( /= k p ). 
c. Estimate the widths ∆x  and ∆p , and show that they agree with the Heisenberg’s uncer-

tainty principle.  
 

B3. An electron in a hydrogen atom is in the normalized stationary state ψ21-1(r) (n=2,l=1,m=-1).  

a. Calculate the probability that the electron’s polar angular coordinate θ  is 60 degrees or 
less. (Hint: for the θ  integration use the substitution u=cosθ ). 

b. Calculate the probability that the electron’s radial coordinate r is greater than a0 where 
a0 is the Bohr radius. 

c. What is the expectation value of r? 
d. What is the most probable value of r? 

 
B4. A particle of mass m is placed in an infinite potential well with the potential energy 

                                V(x)=0 for  –L/2<x<L/2,   V(x)= ꝏ otherwise 

a. Find the normalized wavefunctions of the ground state ψ1 and the first excited state ψ2. 

Make sure you choose the appropriate phase of the wave functions ψ1 and ψ2  such that 
ψ1(x=0)>0 and ψ2(x=L/4)>0.  
 

Suppose at t=0 the wavefunction of the particle is given by 
                        Ψ=C(2ψ1+ ψ2) 

b. Find the normalization constant C. 
c. Find the expectation value of the Hamiltonian H and expectation value of x at t=0 
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d. Find the expectation values of H and x at t>0. 

You can use the integral          

Electrodynamics Group A - Answer only two Group A questions 

 
A1. A particle of charge q is moved from infinity into the center of a hollow conducting spheri-
cal shell of inner radius a and thickness t, through a tiny hole in the shell. How much work is re-
quired?  

A2. A slab of homogeneous dielectric material of dielectric permittivity ε and thickness d is infi-
nite in the z=0 plane. It is placed in an external field 0 0E=E z , where 0E  is a constant. There are 
no free charges in the slab. Using the electrostatic boundary conditions, find the electric field and 
induced polarization charge density Pσ  on top and bottom surfaces of the slab.  Find the electric 

field PE  which is produced by the polarization charges and show that 0 P= +E E E .  

A3. An infinitely long wire carries a current I = 1 A. It is bent so to have a semi-circular detour 
around the origin with radius a = 1 cm, as shown in the figure below. Calculate the magnetic 
field at the origin. 

                                           

A4. A long solenoid with radius a and n turns per unit length carries a current which is growing 
with time as I(t)=bt where b is a constant. Find the electric field (magnitude and direction) at a 
distance r from the axis, both inside and outside the solenoid. 
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Electrodynamics Group B - Answer only two Group B questions 
 
B1. Consider an infinite cylindrical wire oriented along the z direction with 
radius a. This wire has an infinite cylindrical cavity parallel to the wire with 
radius b, but displaced from the axis by a distance d along the x direction 
(see the cross-section of the wire in the figure below). This wire carries a 
total current I uniformly distributed throughout its cross-section flowing 
along the +z direction. Using Ampere’s law and the superposition princi-
ple find the magnetic field inside the cavity. 

 

 

B2. A grounded spherical metal shell of radius R is filled with a space charge of uniform charge 
density ρ. Find the electric field, the electric potential, and the electrostatic energy of the sys-
tem.   

B3. A solid spherical conductor of a uniform conductivity σ has a uniform volume charge density 
ρ0 at time t = 0.  

a. Find the electric field  and the electric current density in the conductor as functions of 
time . t 

b. Obtain the field and the current density at t →∞  and explain the physical meaning of 
the result 

Hint: use Gauss’ law, the continuity equation, and the relation between the electric field and 
the current density, σ=J E . 

B4. Consider a plane linearly polarized monochromatic wave of electric field amplitude E0, fre-
quency ω traveling in the direction from the origin to the point (1,1,1), with polarization parallel 
to the xz plane. 

a. Find the Cartesian components of the wavevector k and the unit polarization vector n. 
b. Find the electric and magnetic fields as functions of position r and time t. 
c. Find the Poynting vector as a function of r and t. 
d. Find the energy density as a function of r and t. 
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Physical constants 

speed of light .............. 82.998 10  m/sc = ×     electrostatic const .... 1 9
0(4 ) 8.988 10  m/Fk πε −= = ×   

Planck’s constant  ....... 346.626 10  J sh −= × ⋅     electron mass  .......... 31
el 9.109 10  kgm −= ×   

Planck’s constant / 2π 341.055 10  J s−= × ⋅     electron rest energy 511.0 keV    

Boltzmann constant  .. 23
B 10  J1 K1.38 /k −= ×     Compton wavelength  C el/ 2.426 pmh m cλ = =  

elementary charge  ..... 191.602 10  Ce −= ×     proton mass  ............ 27
p el1.673 10 kg 1836m m−= × =   

electric permittivity  ... 12
0 8.854 10  F/mε −= ×     1 bohr ....................... 2 2

0 el/ 0.5292 Åa ke m= =   

magnetic permeability 6
0 1.257 10  H/mµ −= ×     1 hartree (= 2 Ry) 2 2

h el 0/ 27.21 eVE m a= =   

molar gas constant ...... 8.314  J / mol KR = ⋅     gravitational constant  11 3 26.674 10  m / kg sG −= ×   

Avogadro constant  .... 3
A

2 16.022 10  molN −×=      hc  ............................. 1240 eV nmhc = ⋅  
 fine structure constant α =ke2/(ħc)                            1 Ry =13.6 eV 
 
Equations That May Be Helpful 

TRIGONOMETRY 
 

2 2 2 2

1
2

1

sin( ) sin cos cos sin
sin( ) sin cos cos sin
cos( ) cos cos sin sin
cos( ) cos cos sin sin

sin(2 ) 2sin cos
cos(2 ) cos sin 1 2sin

sin sin cos( ) cos( )

co

2cos 1

s cos

α β α β α β
α β α β α β
α β α β α β
α β α β α β

θ θ θ
θ θ

α β α β α β

θ

α β

θ θ

+ = +
− = −
+ = −
− = +

=

= − = − =

 = − − + 
=

−

2

1
2

1
2

cos( ) cos( )

sin cos sin( ) sin( )

cos sin sin( ) sin( )

α β α β

α β α β α β

α β α β α β

 − + + 
 = + + − 
 = + − − 

  

 
cos(ix)=cosh(x) 
sin(ix)=isinh(x) 
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31
6

21
2

31
3

For small :
sin
cos 1
tan

x
x x x
x x
x x x

≈ −

≈ −

≈ +

  

 
 
QUANTUM MECHANICS  
 

, , ,AB C A B C A C B     = +        
 

 
Angular momentum:  [ , ]     .x y zL L i L et cycl=   
 

 

Ladder operators: 
, ( 1)( ) , 1

, ( )( 1) , 1

L m m m m

L m m m m
+

−

| 〉 = + + − | + 〉

| 〉 = + − + | − 〉

    

    
  

 
 

Infinite potential well with V(x)=0 for 0<x<L, V(x)= ꝏ otherwise: 

                                       
Compton formula 
 

                                         
Spherical harmonics 
 

          
Radial functions for the hydrogen atom Rnl(r) 
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ELECTROSTATICS  
 

encl

S 0

ˆ q
da

ε
⋅ =∫∫ E n  V= −E ∇  

2

1

1 2( ) ( )d V V⋅ = −∫
r

r

E r rl   
0

( )1( )
4

qV
πε

′
=

′−
rr

r r
  

Work done  ( ) ( )W q d q V V = − ⋅ = − ∫
b

a

E b al       Energy stored in elec. field:  2 21
02 / 2

V

W E d Q Cε τ= =∫  

 

 

Multipole expansion: 3 5
0 0 0

1 1 1( ) ...
4 4 4 2

i j
ij

ij

x xq Q
r r rπε πε πε

⋅
Φ = + + +∑r pr , in which 

 
3( )q dρ= ∫ r r  is the monopole moment   

3( ) dρ= ∫p r r r  is the dipole moment 
2 3( ) 3ij i j ijQ r r r dρ δ = − ∫ r r  is the quadrupole moment (notation: 1 2 3,  ,  r x r y r z= = = )  

 
Relative permittivity:   r e1ε χ= +   
 
 
Bound charges 
 

b

b ˆ
ρ
σ

= − ⋅
= ⋅

P
P n
∇

  

 
 

Parallel-plate:  0
AC
d

ε=   

Spherical: 04 abC
b a

πε=
−

 

Cylindrical: 02     (for a length )
ln( / )

LC L
b a

πε=  

 
 
MAGNETOSTATICS  
 
Relative permeability:  r m1µ χ= +   
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Lorentz Force:  ( )q q= + ×F E v B   Current densities:  I d= ⋅∫ J A , I d= ⋅∫K l  

Biot-Savart Law: 0
2

ˆ
( )

4
Id

R
µ
π

×
= ∫

RB r   ( R  is vector from source point to field point r )  

 
Infinitely long solenoid: B-field inside is 0B nIµ=  (n is number of turns per unit length) 
 
Ampere’s law:  0 encld Iµ⋅ =∫ B l  

 
 
 
 
 

                                 ( )0
1 2sin sin

4
I

B
d

µ
θ θ

π
= +   

 
 
 
 
 
 
 
 
 
 
Magnetic dipole moment of a current distribution is given by I d= ∫m a . 

 
Force on magnetic dipole:  ( )= ⋅F m B∇   
Torque on magnetic dipole:  = ×τ m B   
 

B-field of magnetic dipole:  0
3

ˆ ˆ3 ( )
( )

4 r
µ
π

⋅ −
=

r m r m
B r  

 
 
 
Bound currents 
 

b

b ˆ
J
K
= ×
= ×

M
M n
∇

  

 
Maxwell’s Equations in vacuum 
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0

0 0 0

’

’

1. Gauss  Law

2. 0 no magnetic charge

3. Faraday s L

Ampere’s Law with Maxwell’s

aw

4.  correction

t

t

ρ
ε

µ ε µ

⋅ =

⋅ =
∂

× = −
∂

∂
× = +

∂

E

B
BE

EB J

∇

∇

∇

∇

 

 
Maxwell’s Equations in linear, isotropic, and homogeneous (LIH) media 
 

f

f

1. Gauss  Law
2. 0 no magnetic charge

3. Farada

’

’

Ampere’s Law with Maxwell’s 

y

c

s

orr

 Law

ection4.

t

t

ρ⋅ =
⋅ =

∂
× = −

∂
∂

× = +
∂

D
B

BE

DH J

∇
∇

∇

∇

 

 
 
Induction 
 

Alternative way of writing Faraday’s Law: Bd
d

dt
Φ

⋅ = −∫ E   

Mutual and self inductance:  2 21 1M IΦ = ,  and 21 12M M= ;      LIΦ =  

Energy stored in magnetic field: 1 2 21 1 1
02 2 2

V

W B d LI dµ τ−= = = ⋅∫ ∫ A I   

Poynting vector 

                                
Plane electromagnetic wave 
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CARTESIAN AND SPHERICAL UNIT VECTORS 

ˆ ˆˆ ˆ(sin cos ) (cos cos ) sin
ˆ ˆˆˆ (sin sin ) (cos sin ) cos

ˆˆˆ cos sin

θ φ θ φ φ

θ φ θ φ φ

θ θ

= + −

= + +

= −

x r θ φ
y r θ φ
z r θ

 

INTEGRALS  

 

 

 

 
 

    

( )

( )

2 2 1/2 2 2

2 2 1

2 2 3/2

2 2 2

2 2

1/2
2

0

1

2 2 2
3

2 2
2 2

2

2 2 2 2 2

2

0

( ) ln

1( ) arctan( / )

( )

arctan( / )
( )

2
1 ln
2
1 ln

(

1 / 2
1

!

) 2

bx
n

nx

x b x x b

x b x b
b

xx b
b x b

bx x b
x bx b

b

x b
x b

x
x

dx b
bx

ne dx
b

dx

dx

dx

dx

xdx

dx
x b b x b

a x
dx

π
∞

∞
−

−

−

−

−

+

+ = + +

+ =

+ =
+

+
++ =

= +
+

=
+

 
=  

=

+ + 

∫

∫

∫

∫

∫

∫

∫

∫

22

1 ln
2

1 artanh

ax b
ab ax b

ax
a

b

b b

 −
=  − + 

 
= −  

 

∫

 


