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A2. We consider the operator B=e”, where the operator A is hermitian.

Is B hermitian?

~~ SOLUTION S
|
\ 1 3
1, } We have TR P & M
g 21" 3l P
: // Sy i Now when A is hermitian, A" is hermitian for all (integer)
§ / \ ll powers n, because for operators ...,R,S,T,U... we have (L,:} ( i
i / ¢ <, i
| ) \ T tot ot pt Yxkl} o
'/ 1 = \ / (..RSTU..) =..UT SR ..., Acs -
| I
’ \\ / sowhen ...=R=S=T=U=...=A=A", we have
| % / ,/ (.AAAA..) = ATATA'A"...=.. . AAAA... or (A") = Iy (\A/
N I
~ o ///
So, B is hermitian, because
, . ) Lt
B' =(e") [+A+—A +=A 4. | =" +A" += (A) + |(A) -
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A3. A spin-2 particle is in the spin state m, =1. Calculate the angle between its spin vector and the z

axis.

SOLUTION
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For s=2, we have S —s(s+1)h SO the length ofS is \/2>< h f@, We have %: 6 and T
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B1. Consrderthefzwave functtoﬁ 1//(9 ) =3sinOcosfe’ —2(1—cos? O)e™* .

a. Write y in terms of spherical harmonics
f)

b. Isy aneigenfunctionof £? Of L,? -~ { . 5 |, e o
WINWAJ (S8 e

c. Find the probability of measuring 27 for the z component of the orbital angular momentum.

SOLUTION

Part a

Using a table of spherical harmonics, we can do the expansion by inspection:

/ 3 \’)0 {vy K 5
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[1s . B | . 8
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{ &Knowmg that v, 1> sin Ge*? = 22, Ty,  —sin?0e® so —2sin’@e? =-2 [>Ty
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i A \“—’“ﬁe%onclude that (0, ¢)=3sin@cosOe"” —2sin* O™ =3 %Yz,ﬂ -2 “1—57£Yz,+2 EEAARERAAE
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Partb
f ats .
~ = L*C =c %,  +c,’Y, .Both Y’sare eigenfunctions of [> with the same eigenvalue
) U\ 1“ l/ 2+2 1 2,+1 2 2,+2
AL
P of 6h%,s0 L 1//=6h21//, and y is an eigenfunction of *.

b pewnfs
Ly =L, (cYy T Y, ) =LY, o + LY, o = ()Y, 4 + 62N, , =h(c,Y, 1 +26,Y,,,) - The two Vs by

‘themselves are eigenfunctions of L, but with different eigenvalues, so y is not an eigenfunction of L

- Part c

% X \ Of the two spherical harmonics, only the second has L, =2/ . ; QPMV &3
H E 2 4V AT ¢

?(')\.V\k 5 ; ) -
/| Thus, the probability is ( VA
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Al: Two uniform infinite sheets of electric charge densities +o and —o intersect at right angles.
Find the magnitude and direction of the electric field everywhere and sketch the lines of electric
field E.

Solution: First let us consider the infinite sheet of charge density +? The magnitude of the electric

field caused by it at any space point is
5 poin t.<

The direction of the electric field is perpendicular to the surface of the sheet. For the two
orthogonal sheets of charge densities + o, superposition of their electric fields yields

2o

2,

10 Po:n‘l.f

E=

The direction of E is as shown in Fig. 1.

}Q \,\)POV)Z +q -g
ST W0 cemdDVE \e 19 PO.’V)‘LL}

L( IDO\V\'ES b

Fig. 1

B1: Aring of radius R has a total charge +Q uniformly distributed on it (Fig. 2).

1) Find electric field E at the axis of the ring (the z-axis). From E(z), find the electrostatic
potential at the z-axis from the field E(2).

2) Consider a point charge —Q at the center of the ring constrained to slide along the z-axis.
Show that the charge will execute simple harmonic motion for small displacements

perpendicular to the plane of the ring.
R \+QO
Zl-.

Y

Fig. 2

Solution: 1) The electric field is obtained from Coulomb’s law. By symmetry, at the z-axis, the
field is pointing along the z direction. A contribution to the z component of the field from a



charge dq at any point on the ring is dE, = 2 dqr cos@ , wheye r =y/R*+2> and cose_
TE,

Integrating over the charge on the ring, we obtain 5 P O “t ,(

. . 4 F?Z ) 3/22' ZPDI‘K+5
’_C_ IV\ rq+ 72'80 +ZL~ }*6'”‘0\/6

st pints

The potential is obtalfied by mtegratlng the field whi

N 4 ,
®d(z)=|E(2)dz' = dz' = .
! 4z, '!.(R2 +z’2)3/2 Are,NR? + 72
2) The electrostatic force acting on the change is given by 0 0O i"’ *é _(
Q’z 1 P
F(z) =—QE(z)=- TP
47&90(R +1 )

For small displacements z[] R, the force F is proportional to z and thgrefore charge —Q will
execute simple harmonic oscillations.

B2. A sphere of radius Ry has charge density p uniform within its volume, except for a small
spherical hollow region of radius R> located a distance a from the center.

1) Find the electric field E at the center of the hollow sphere.

2) Find the potential ® at the same point.

Solution: 1) Consider an arbitrary point P of the hollow region (see Fig. 3) and let

OP=r, OP=r, OO0'=a, r'=r-a.

N
< Fig. 3
If there were no hollow region inside the sphere, the electric field at the point P would be

E,=2r. ZPD:”ﬁ

3g,
If only the spherical hollow region has charge density p the electric field at P would be

E, =Ly,

3&,



Hence the superposition theorem gives the electric field at P as

e, (& points

3g,

Thus, the field inside the hollow region is uniform. This of course includes the center of the
hollow.

2) Suppose the potential is taken to be zero at an infinite point. Consider an arbitrary sphere of
radius R with a uniform charge density p. We can find the electric/fields inside and outside the

sphere as
2 e G point S

E(r)=

Then the potential at an arbitrary point inside the sphere is

L (3R*-r?). ()

6e,

g‘pow\i-ﬁ

CD=.TE~dr+TE-dr=
R

where r is the distance between this point and the spherical center.

Now consider the problem in hand. If the charges are distributed throughout the sphere of rac\
Ry, let @1 be the potential at the center O' of the hollow region. If the charge distribution is
replaced by a small sphere of uniform charge density p of radius R> the hollow region, let the
potential at O' be ®». Using (1) and the superposition theorem, we obtain

Dy =D, —D, =£(3R12 —aﬁ)—é(sRZ2 —0):%[3(&2 ~R2)-a?].
0 0 0

e S a2 L)
RKemove 2 poits ¢ tegration errek

A2. A particle with charge q is traveling with velocity v parallel to a wire with a uniform linear
charge distribution A per unit length. The wire also carries a current | as shown in Fig.5. What
must the velocity be for the particle to travel in a straight line parallel to the wire, a distance r
away?

890;%5




Fig. 5

theorem and Ampere’s circuital law,

ng.dszi and [[|B-dl = s,
S C

&y

by the axial symmetry we find

E(r)=2/1 i and B(r)=ﬂ°|r$,

7yl 2w

in cylindrical coordinates r =(r, ¢, z) with origin at the wire.
in cylindrical coordinates (r, 0, z) with origin O at the wire.

The total force acting on the particle which has velocity v=v2 is

At ., Gl g
2ng,k 2mr

F=F +F,=0gE+qvxB=

For the particle to maintain the motion along the z direction, this radial force must vanish, i.e.,

04 Gl 4
2ng,r 27r

resulting in
M E S poiats

Ho&ol I

B3. Two parallel straight wires of infinite length are separated by distance 2a and carry current |
in opposite directions, as shown in Fig. 4. A circular conducting ring of radius a lies in the plane
of the wires between them. The ring is electrically insulated from the wires. Find the coefficient
of mutual inductance between the circular conductor and the two straight wires.



Fig. 4
Solution: The magnetic field at a point between the two conducfors at distance r from one

conductor is Y Po wmts ~—2a
Ml 1 1 1 13 d
B(r)= Zﬂ(r+2a—rj¢' ’[_ I\

So, the magnetic flux crossing the area of the ring is given by

f |

12" poin 4

2 ul(l 1
:jB-ds:2£B(r)-2ydr=2£‘21‘; (—+

]2 a’—(a—r)’dr.
r 2a-r

Let x=a—r and integrate

b= ZJ‘,UO

ﬁ(a X a+Xx

j\/idx Zjﬂo[ 2a jdX=4ﬂ0|aarCsin§a=2ﬂo|a @{30’(”€5

Nl M

The coefficient of mutual inductance is therefore
2 P SV '!L <
N owrite Me

M :?:2%&

H|-p

B4. Consider an electromagnetic wave in free space of the form
E(X,Y,2,t) =E,(x, y)'“ ™, B(X,Y,2,t)=B,(x, y)e'™ ™.
where the amplitudes Eo and Bo are in the xy plane.

Using Maxwell’s equations, find the relation between k and « as well as between E,(x,y) and
Bo(X,Y).

Solution:
1) Calculating the curl of fields E and B, we find



X vy 2 X y 2

VxE= 2 i ﬁ = i i ik|eite—et) _
ox oy oz| |oXx oy
EX Ey Ez EOx EOy 0

Similar expression can be found for VxB.

Maxwell’s equations VxE = —@ , VxB= iz— , can then be written as

oE | v
[—ikE0y§<+ikE0X§/+[—a;y —%ji}e"kz“") _ tP 9 r‘\'l &

c° ot

oE
_ikE‘”MkE‘“W( o _%jzzéwa“k_iw%y ) (—- {>
X

oB i
—ikBoy§<+ikBOX§/+[ oy _ By ]2 S

PLE -
ax ay CZ 0x

From the z components, we have

6E0y _ 8EOx =0 aBOY _ aBOx

=0.
OX oy OX oy

For the xy components we obtain:

or, more compactly:
_E EO .

2 2
—kiﬁx(ixBo):—kL

[2(2 : Bo)_Bo(z'z)] = k_C2
w

[0

(0]
(0]

and hence k=—
c

The relationship between E;(X,y) and B,(x,y)is

2xE, :%B0 or equivalently EO:—szBO.

1)

Substituting E, from the second equation to the first we have:

BO
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