Al.

1. Find the angle # at which the rope will settle. Express your answers in
terms of the given variables M, g, and a as needed.

Solution: Applying Newton’s second law to mass M, (/ )
Z F, = 0=Tcostl — Mg
Y F, = Ma=Tsinf

Solving for # yields
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2. What will the tension T of the rope be once it settles into this angle?
Express your answers in terms of the given variables M, g, and a as
needed.

Solution: Taking the result for # obtained in the previous step and substi-
tuting into the equations of motion yields
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Solution: Applymg Newton’s second law to masses 1 and 2 ylelds
miar = —1 w cd=-Ta4 +Tg
(_j‘ / ( moay = —mng-(Qd)z—
where we have used that the masses have a common angular acceleration,

a = w?, to express the left-hand side in terms of the angular rotation w. It
follows that

F S/- TB - mngd



A3.

Solution:
L = T-U
1
= §m",2 —U(x)
= l?TLIQ - E49_‘/7
o g/ 2 T ’

where the potential U(z) is determined from F(z,t),

[ § Ulx) =— / Fdr = ge-”’

The Hamiltonian is H = p,x — L with canonical momentum given by

oL .
A § Pr = o— =MI
oz
Substituting and simplifying yields
i \Sﬁ' H = pax—-1L H \/VLUSqL jg,@ MFQSS/&-L

2
Pz

k —t/T . —
T 3 in derms f P Ao
The Hamiltonian is the total energy. %l—l‘ # 0, thus energy is not conserved.
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B1.
Solution: The position of the stone as a function of time is

/F 4 s(t)=h— %gti’,

while the position of the rocket can be determined starting from a,(t):

t
ﬂt ”S/ v,(t) = / a.y(t')dt':At—%BtQ
0

t
%/ — r(t) = / vy(t')dt'zlAt?—lBts
= ! S

The maximum height the rocket attains occurs at time T" when v, (T) = 0.

A-— lBT)
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Ve want the latter (non-zero) time. The initial height h can be solved by
equatlng s(t) =r(t) at time t = T.

FT) = o = 25
S(T) = h—%g (%)2
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B2.

Solution: For simple projectile motion under constant acceleration and
ignoring air resistance, the equations of motions can be solved yielding

z(t) = wocosht

+ S/ y(t) = wvosinft — %gtg,

where vg 1s the initial speed of the projectile, # is the angle above the hori-
zontal at which the projectile is fired, and g is the constant acceleration due
to gravity near the surface of the Earth. The distance of the projectile from
the launch point is

& = 22(t)+ 1)
2
’{’ § = ['vg — vpsinfgt + (%t) ]

The distance from the ongm increases at least until the projectile reaches
its maximum height. Thus, ﬁ(d‘) ) > 0 shortly after ¢t = 0 and the distance
increases until gg(d" ) becomes negative. So, let’s find the turning point, i.e.

when %‘._;(di’) = 0.

d?

@(dg) = 203t — 3upsinfgt’ + gt =0

= (2v3 — 3vpsin 09t + ggtg)

+ (O t =0 3vosm0 Osin’f —

2 2g

The first solution 1s trivial so let’s focus on the others. These solutions are
real only when the term under the square root is non-negative, 1.e.

Osin’f—8 > 0
2¢/2
sinfl > T\/—

Imaginary time 1s unphysical and thus for

qL g § < sin! 2\3/_

there is no turning point and di;-(d‘) ) = 0.
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Al. A 600 g copper ball has a temperature of 700°C when it is placed in 3.00 kg of water at a
temperature of 20°C. Calculate the temperature (in °C) of the system when equilibrium has been

reached? Assume the system is thermally insulated. Data: C,, =4.18Jg" K*, C,=039Jg™" K™

water

Answer

Heat entering water = heat leaving copper 3 (; P O ™ -\‘ ’S
m,C, (T, =T,)=m,C.,(T,,~T;) = O\n)CS
m,C,T. — mCT =m.Ce T, —m Co, T, = 6 P

wWowW W Cu'Cu

mWCWTW+mCT o
R 305K=32.5C.§ {‘5 PO\“t'(

A2. One mole of diatomic ideal gas (C;, = 2.5 nR) performs a transformation
from an initial state for which temperature and volume are, 290 K and 30000 ml
to a final state in which temperature and volume are 310 Kand 16000 ml. The
transformation is represented on the (V, P) diagram by a straight line. Find the
work performed and the heat absorbed by the system.

Solution:

A straight line in (P,V) diagram: P = p1 + £=Y24P Vl)AP } 6 PO ‘V\.hg
w=[Pdv={[P1+ 22|y = [P1-V1AP]AV+—AP(V1+V2) 16903}3"‘9 o

AU=CVAT=416 ]
Q=AU+W=—1275}) \L poin s

A3. Consider a gas with the following speed probability distribution f(v) =
when 0 < v < v, = 0 otherwise. Find (a) average speed, (b) rms speed in the 1
dimensional, 2 dimensional, and 3 dimensional cases.

Solution: {
ff(v)vdv . 2 ff(v)v dv \>O (v S
1D <VvV>= ff( )dU — vo/zpvrms - ff(v)dv - O/gk g
Dicy > IOWEY 2 o oty 'g o,V\-|;’S
~ [fwazv ~ 3 0 TTMS T [ fwyazy Y} F s
. fw)vd? [ f)v2a3 owm
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A4. An ideal gas (y= 1.4) expand in an adiabatic process to 10 times of its original
volume. If the initial temperature is 0 °C, and the initial pressure 1 atm find the
final temperature.

Solution: AA{&EQt(L ec]wq‘{-lﬁ"\ ’l?_ PO;V\K

T=Tp 1047=108 K. P=P¢/10"=0.0398 atm

/
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B1. Anideal gas is expanded adiabatically from (p1,V1) to (pa,V5). It is then compressed isobarically to
(p2,V1). Finally, the pressure is increased to p; at constant volume V;. Show that the efficiency of the
cycle is

A P
P, /pz -1 A
PrT—— adiabatic
Answer
Answer 4 B
pZ CI |
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The work the system does in the cycle is
19 poin % £

W:fpd‘f:f pdV -‘I-pg{Vl—VE}.
AB

Because AB is adiabatic and an ideal gas has the equations pV = nkT and
Cp=0Cy + R, we get

LBF‘&V=—LBCU&T=—U”[T2—T1} ,(9 pb',m{/s

1
1= T[F';:Vz - piV1) .




During the CA part of the cycle the gas absorbs heat

Q = TdS = f CudT = Cu [TL - T’Z]
A A

1
= ——Vi(p2 —m1) .

1—~ g PO:H}}

Hence, the efficiency of the engine is

v,
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B2. The entropy of anideal gasis S =n/2 [a + 5R In(U/n) + 2R In(V /n)],
where n is the mole number, R is the universal gas constant, U is internal energy,
IV is volume, and a is a constant.

(a) Calculate the constant pressure heat capacity (Cp) and the constant

volume heat capacity (Cy).
(b) Rewrite entropy in (T,V), (T,P), and (P,V) representation.

Solution:

as _Tnsz(a_U) 5nRT "%@Po n'{:f

aT

Therefore U =
So, Cy = E nR




_ T V 1 .
S(T,V) =ncy ln? +annv +ns,,. L{ PD ;h’l,j.

0 0

T P
S(T,P)zncplnF—annP—+ns0. L( Pon,\'t,(

(] Q

(0] 0

P Vv
S(P,V)=ncyIn— +ncpln — +ns,,. ,
VR, Y 1 poivt §

Also accept without Py, V, and T,.

B3. Consider the adiabatic free expansion of an ideal gas (from volume V to 2V).
(a) What’'s the work and heat in the process?
(b)  How does the temperature change?
(c)  Show that this process is irreversible. (Hint: calculate the entropy
difference)
(d) answer (b) if the gas is nonideal.

Solution:

change, or the temperature does not change.
. ,_\' (b) Suppose the initial state of the gas can be described as P,V,T, the final
% p )\A state of gas can be described as P/2,2V,T.
(c) So, one can use an isothermal process (reversible) to bring the system
from the initial to the final state, and calculate the entropy change using
that process.

. 5( (a) In this process, there is no work and heat. The internal energy does not
G po Vo

= ﬁc Since dU=0,

q’Q \ AS—lf(dU+PdV)—ldeV—lf(ﬂ)dV—ann(ZV/V)
T T T Vv B

=nRIn 2> 0.
Because this process is adiabatic and AS>0, it is irreversible.



B4.

(d) If the gas is not ideal, the potential energy of interaction between
molecules increases during the expansion, therefore due to conservation
of energy the kinetic energy decreases, therefore the temperature
slightly decreases
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