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Preliminary Examination - Day 1 
Thursday, May 11, 2017 

 
 
This test covers the topics of Quantum Mechanics (Topic 1) and Electrodynamics (Topic 2).  Each 
topic has 4 “A” questions and 4 “B” questions.  Work two problems from each group.  Thus, you 
will work on a total of 8 questions today, 4 from each topic.  
 
Note: If you do more than two problems in a group, only the first two (in the order they appear 
in this handout) will be graded. For instance, if you do problems A1, A3, and A4, only A1 and A3 
will be graded. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

WRITE YOUR ANSWERS ON ONE SIDE OF THE PAPER ONLY 
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Quantum Mechanics Group A - Answer only two Group A questions 
 
 
 
 
 
 A1     
 
 
 
 
 
 
 
 
 A2    In a scattering experiment, protons with energy 2 eV are scattered from a crystal. The fifth 
maximum of the intensity is observed when the protons strike the crystal’s surface at an angle 
of 30° . Calculate the crystal’s planar separation. 
 
 
 
 
 A3    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 A4    An explicit form of the step-down ladder operator is 
  

cotiL e iφ θ
φ θ

−
−

 ∂ ∂
= − ∂ ∂ 
 . 

 

Apply this operator in this form to 2, 2 ( , )Y θ φ−  and explain your result.   
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Quantum Mechanics Group B - Answer only two Group B questions 
 
 

 
 B1     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 B2    Consider a system whose Hamiltonian is given by ( )1 2 2 1Ĥ α ϕ ϕ ϕ ϕ= | 〉〈 | + | 〉〈 | , where α  is a 

real number, and 1 2 andϕ ϕ| 〉 | 〉  are normalized eigenkets of some Hermitian operator Â  . Defi-

nition: An operator Ω̂  is said to be a projection operator if it is Hermitian and equal to its own 
square: †ˆ ˆΩ =Ω  and 2ˆ ˆΩ =Ω . 
    

a. Is Ĥ  a projection operator? What about 2 2Ĥα− ? 
b. Show that 1 2 andϕ ϕ| 〉 | 〉  are not eigenvectors of Ĥ . 

c. Calculate the commutators 1 1
ˆ[ , ]H ϕ ϕ| 〉〈 |  and 2 2

ˆ[ , ]H ϕ ϕ| 〉〈 | , and then find the relation be-
tween them. 

d. Find the normalized eigenstates of Ĥ  and their corresponding energy eigenvalues.      
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 B3    Consider a particle whose wave function is  
 

2 2 2

2 2

21 3( , , )
4

z x y xzx y z
r r

ψ
ππ

− −
= + . 

 

a. Show that ( , , )x y zψ  is normalized. 

b. Calculate 2L̂〈 〉  and ˆ
zL〈 〉 .  

c. Calculate L̂+〈 〉 . 

d. What is the probability of finding the particle in a small solid angle 310  sr−∆Ω =  in the di-
rection 1 1

3 2( , ) ( , )θ φ π π= ? Because ∆Ω  is so small, you may assume ψ  is constant over ∆Ω . 

 
 
 

 B4    
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Electrodynamics Group A - Answer only two Group A questions 
 
 
 

 
 A1    An ideal square parallel-plate capacitor 5.0 cm on a side has a 0.50 mm gap. What is the 
total displacement current in the capacitor if the potential difference across the capacitor is in-
creasing at 500 kV/s? 
 
 
 
 A2    The four 1 gram point masses in the figure are re-
leased simultaneously and allowed to move away from 
each other. What is the speed of each point mass when they 
are very far apart? 

 
 
 
 
 
 
 
 
 A3    The three lightbulbs A, B, and C in the circuit 
in the figure have resistance as indicated. The inter-
nal resistance of the battery is negligible. 

a. Calculate the current that passes through 
each lightbulb.  

b. Calculate the voltage across each lightbulb. 
c. Which lightbulb has the highest brightness 

(brightness ∝  power)? 
d. What is the current passing through the bat-

tery?  
 
 
 
 
 A4    Consider two concentric spherical metal shells of radii 1r  and 2r  with 2 1r r> . The outer shell 
has charge q and the inner shell is grounded. What is the charge on the inner shell? 
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Electrodynamics Group B - Answer only two Group B questions 
 

 
 B1    A tank containing a liquid has 
turns of wire wrapped around it, caus-
ing it to act like an inductor.  The  liq-
uid content of the tank can be meas-
ured by using its inductance to deter-
mine the height of the liquid in the tank. 
The inductance of the tank changes 
from a value of 0L , corresponding to a 
relative permeability of 1 when the tank 
is empty, to a value of fL , corresponding to a relative permeability of rµ  (the relative permeabil-
ity of the liquid) when the tank is full. The appropriate electronic circuitry can determine the in-
ductance to five significant figures and thus the effective relative permeability of the combined 
air and liquid within the rectangular cavity of the tank. The four sides of the tank each have 
width W  and height D . The height of the liquid in the tank is d . You can ignore any fringing 
effects and assume that the relative permeability of the material of which the tank is made and 
that of air can be ignored. The magnetic susceptibility of the fluid is 3

m 6.4 10χ −= × .   
 

a. Derive an expression for d  as a function of L  (the measured inductance), 0L , fL , and D .  
b. What is the inductance (to five significant figures) for a tank 1

4 full, 1
2 full, 3

4 full, and 
completely full?  

 
 
 
 B2    An inductor with inductance 0.10 H, a re-
sistor with resistance 50 Ω, and a capacitor with 
an unknown capacitance are connected in series 
to a source of emf with frequency 50 Hz and po-
tential amplitude 300 V. The ratio of the poten-
tial amplitudes in the two parts of the circuit in-
dicated in the figure is 1

A B 2/V V = . Calculate the 
capacitance of the capacitor and the current am-
plitude in the circuit.  
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 B3   One end of a conducting rod rotates with constant an-
gular velocity ω  in a circle of radius r making contact with a 
horizontal, conducting ring of the same radius. The other 
end of the rod is fixed. Stationary conducting wires connect 
the fixed end of the rod (A) and a fixed point on the ring (C) 
to either end of a resistance R. A uniform vertical magnetic 
field B



 passes through the ring. 

a. Find the current I flowing through the resistor. 
b. What is the sign of the current if positive I corre-

sponds to flow in the direction of the arrow in the 
figure? 

c. What torque must be applied to the rod to maintain 
its rotation at the constant angular velocityω ? 

 

 

 B4    Two identical balls, charged by the same electric charge, are 
hung by two equally long strings of negligible mass. The strings 
form an angle 2α, as shown in the figure. If this system is now 
immersed in benzene, the angle formed by the strings does not 
change. Find the density of the material the balls are made from. 

The density of benzene is 3
b 879 kg mρ −= ⋅ , and its relative per-

mittivity is r 2.3ε = . 
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Physical Constants 
 

speed of light .................. 82.998 10  m/sc = ×   electrostatic constant  ... 1 9
0(4 ) 8.988 10  m/Fk πε −= = ×   

Planck’s constant  ........... 346.626 10  J sh −= × ⋅   electron mass  ............... 31
el 9.109 10  kgm −= ×   

Planck’s constant / 2π .... 341.055 10  J s−= × ⋅   electron rest energy...... 511.0 keV    

Boltzmann constant  ...... 23
B 10  J1 K1.38 /k −= ×   Compton wavelength  .. C el/ 2.426 pmh m cλ = =    

elementary charge ......... 191.602 10  Ce −= ×   proton mass  ................. 27
p el1.673 10 kg 1836m m−= × =   

electric permittivity  ...... 12
0 8.854 10  F/mε −= ×   1 bohr ............................. 2 2

0 el/ 0.5292 Åa ke m= =   

magnetic permeability ... 6
0 1.257 10  H/mµ −= ×   1 hartree (= 2 rydberg)  ... 2 2

h el 0/ 27.21 eVE m a= =   

molar gas constant .......... 8.314  J / mol KR = ⋅   gravitational constant  ... 11 3 26.674 10  m / kg sG −= ×   

Avogadro constant  ....... 3
A

2 16.022 10  molN −×=   hc .................................... 1240 eV nmhc = ⋅    
 

 

Equations That May Be Helpful 

 
TRIGONOMETRY 
 

1
2

1
2

1
2

1
2

sin sin cos( ) cos( )

cos cos cos( ) cos( )

sin cos sin( ) sin( )

cos sin sin( ) sin( )

α β α β α β

α β α β α β

α β α β α β

α β α β α β

 = − − + 
 = − + + 
 = + + − 
 = + − − 

  

 
 
 
QUANTUM MECHANICS  
 

Ground-state wavefunction of the hydrogen atom: 
0/

1/2 3/2
0

( )
r ae
a

ψ
π

−

=r , where 
2

0
0 2

4
a

me
πε

=


 is the 

Bohr radius, using elm m≈ , in which elm  is the electron mass. 
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Particle in one-dimensional, infinitely-deep box with walls at 0x =   and x a= :    

Stationary states 1/2(2 / ) sin( / )n a n x aψ π= , energy levels 
2 2

2
22nE n

ma
π

=
  

Angular momentum: [ , ]     .x y zL L i L et cycl= 

Ladder operators: , ( 1)( ) , 1

, ( )( 1) , 1

L m m m m

L m m m m
+

−

| 〉 = + + − | + 〉

| 〉 = + − + | − 〉

    

    

  

 

 

 

Pauli matrices:  
0 1 0 1 0

  ,    ,  
1 0 0 0 1x y z

i
i

σ σ σ
     −

= = =     −     
  

 
ELECTROSTATICS  
 

enc

S 0

q
d

ε
⋅ =∫∫ E A



 V= −E ∇  
2

1

1 2( ) ( )d V V⋅ = −∫
r

r

E r r   
0

( )1( )
4

qV
πε

′
=

′−
rr

r r
  

Work done  ( ) ( )W q d q V V = − ⋅ = − ∫
b

a

E b a       Energy stored in elec. field:  2 21
02 / 2

V

W E d Q Cε τ= =∫  

 
 
Relative permittivity:   r e1ε χ= +   
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Capacitance in vacuum 

Parallel-plate:  0
AC
d

ε=   

Spherical: 04     ( )abC b a
b a

πε= >
−

 

Cylindrical: 02     ( ;  for a length )
ln( / )

LC b a L
b a

πε= >  

 
 
MAGNETOSTATICS  
 
Relative permeability:  r m1µ χ= +   
 
Lorentz Force:  ( )q q= + ×F E v B   Current densities:  I d= ⋅∫ J A , I d= ⋅∫K 

 

Biot-Savart Law: 0
2

ˆ
( )

4
Id

R
µ
π

×
= ∫

RB r   ( R  is vector from source point to field point r )  

 

For straight wire segment: 0
2 1sin sin

4
I

B
s

µ
θ θ

π
 = −   where s is the perpendicular distance from wire.  

 
Infinitely long solenoid: B-field inside is 0B nIµ=  (n is number of turns per unit length) 
 
Ampere’s law:  0 enclosedd Iµ⋅ =∫ B



  

 
Magnetic dipole moment of a current distribution is given by I d= ∫m a . 

Force on magnetic dipole:  ( )= ⋅F m B∇   
Torque on magnetic dipole:  = ×τ m B   

B-field of magnetic dipole:  0
3

1 ˆ ˆ( ) 3( )
4 r
µ
π

 = ⋅ − B r m r r m  

 
 
Maxwell’s Equations in vacuum 
 

0

0 0 0

’

’

1. Gauss  Law

2. 0 no magnetic charge

3. Faraday s L

Ampere’s Law with Maxwell’s

aw

4.  correction

t

t

ρ
ε

µ ε µ

⋅ =

⋅ =
∂

× = −
∂

∂
× = +

∂

E

B
BE

EB J

∇

∇

∇

∇
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Maxwell’s Equations in linear, isotropic, and homogeneous (LIH) media 
 

f

f

1. Gauss  Law
2. 0 no magnetic charge

3. Farada

’

’

Ampere’s Law with Maxwell’s 

y

c

s

orr

 Law

ection4.

t

t

ρ⋅ =
⋅ =

∂
× = −

∂
∂

× = +
∂

D
B

BE

DH J

∇
∇

∇

∇

 

 
 
Induction 
 

Alternative way of writing Faraday’s Law: Bd
d

dt
Φ

⋅ = −∫ E


  

Mutual and self inductance:  2 21 1M IΦ = ,  and 21 12M M= ;      LIΦ =  

Energy stored in magnetic field: 1 2 21 1 1
02 2 2

V

W B d LI dµ τ−= = = ⋅∫ ∫ A I 
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INTEGRALS  
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∫
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2
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( 2
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2
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anh
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x x
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a x
a x

x
x a x
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a a x
ax b

ab ax ba x
ax

ab b
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dx

xdx
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d

b

x
b

π− −

−

−

= + +
+ +

   
= <   +    

= +
+

 
=  

+ + 
 −

=  + 
 

= −  
 

=

−

−

∫

∫

∫

∫

∫

2 2 2 ,     a x b 
< 

 

 


