TH A1l

Easy: Carnot cycle

Derive the expression for the efficiency, defined as the total work done over the total heat
supplied, for a Carnot cycle which uses a monoatomic ideal gas as an operating substance.

Use the equation of state for the gas PV = nRT and the internal energy U = %nRT.
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TH A2

Easy: Enthalpy and heat capacity

Prove that the C, for an ideal gas is independent of pressure. Reminder: heat capacity at
constant pressure can be defined as C, = (0H/9T)p.
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SOLUTIONS

Thermodynamics problems
TH A3

Easy: First Law

The internal energy for 1 kg for a certain gas is given by U = 0.17 T + C where T is the gas
temperature in Kelvin, and C is a constant. The gas is heated in a rigid container (i.e. at
constant volume) from a temperature of 40 °C to 316 °C. Compute the amount of work and
heat flow into the system.
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TH A4

A large number of non-interacting particles is in equilibrium with a thermal bath of
temperature 300 K. The particles have only three energy levels: E, =20 meV, E, =30 meV, and
E, =40 meV . Calculate the average energy of a particle.

Z =% exp(-pE,) =X exp(-E, / k;T)
k,T=1.381x10"*300/1.602x10™" =25.8614 meV
Z=exp(-E, / k;T)+exp(-E, / k;T)+exp(-E, [ k,T) =
=exp(—10/25.8614) + exp(—20/ 25.8614) + exp(-50 / 25.8614) =
=0.679311+0.461463 + 0.144658 =1.28543

p, =exp(-E, / k,T)/ Z=0.528469

p, =exp(-E, / k,T)/ Z=0.358995

p, =exp(-E, / k;T)/ Z=0.112537

(E)=p,E, +p,E, +p,E, =18.0914 meV



TH B1

Difficult: Thermodynamic potentials
Consider mixing 100 g of water at 300 K with 50 g of water at 400 K. Calculate the final

equilibrium temperature if the specific heat ¢ of water per gram is 1 cal/g/K. Calculate the
change in entropy for this irreversible process.
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TH B2
Difficult: Probability

A two-dimensional vector B of constant length B = | B| is equally likely to
point in any direction specified by the angle 6. What is the probability that
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TH B3

Difficult: Work

Show that the work done by a gas under arbitrary changes of temperature and pressure
can be determined in terms of the coefficient of volume expansion at constant pressure ap
and the isothermal compressibility coefficient k. As a corollary show that for an isochoric
(constant volume) process
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OM A3

A wavefunction in one dimension is given by

) —C for —a<x<3a
X)=
v 0 elsewhere

where C and a are positive constants. Calculate the expectation value of the parity operator.

Answer:

) —C for —a<x<3a
X)=
v 0 elsewhere

Normalize

[“(-Crax=1 = 4aC’=1 = C-——

Jaa

N ) L
By = wePy@dr=]" —C € dx=C[ dx=—2a=>

—-ato3a -3atoa

OM A4
The spherical harmonics are orthonormal; we have

00 mm'

[1Y,,.0.)Y,,.6,9)d2=5,5

where dQ is an infinitesimal amount of solid angle, and the integral is taken over all solid

angle. Use this expression to demonstrate that Y, ; and Y, , are orthogonal.
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QM B2

NOTE: In this problem, we encounter infinitely large matrices, We will write these by only specifying the 4 by 4 block in

2?7?77 - 1000 -

2?2?22 0100
the upper left corner, asin |? 2 ? ? . For instance, the identity operator is writtenas I1=|0 0 1 0

2?2 7?2 0001

The stationary states of the harmonic oscillator are defined by Hiny= (n+)ho|n).

The annihilation operator a of the harmonic oscillator is defined by a = ﬁ(fc + Lﬁj (with

2 me

B> =maw /). The operation of the annihilation operator is 4 |n) = Jn |n—1) . Thus, in the |n)

01 0 o0
0 0 +2 o0
basis, the annihilation operator’s matrixis a=|, o J3
0 0 0 0

Explain why 2" =2", where T means matrix transposition.
Find the matrix for a'.
Find the matrix for x .
Find the matrix for p.

0S8

Find the matrix for xp.
Explain why px =[(xp)"]*, where T means matrix transposition.

Find the matrix for px.

F o oo

Find the matrix for [%,] and comment on your answer.

Part a.

In matrix algebra, taking the Hermitian conjugate equals transposition of the matrix followed
by taking its complex conjugate (or the other way around).

Because @ is real-valued, transposition alone gives its Hermitian conjugate: 2" =a"



Part b.

01 0 0 0 0 0 0
0 0 V2 0 Voo oo
=0 0 0 3 =0 2 0 0
00 0 0 0 0 V3 0
Part c. and Part d.
We have
SO
f=—(a+d")
P2
~ mo 1 . A
= — a—
p 1,3ﬁ( )
and so
0 1 0 o0 0 J1 0 0
: Jio0o V2 0 Lo V2 0
R ~ maw
X=—— 0 \/E 0 \/5 ; pP=—""—""F7= 0 —\/E 0 \/5
w2 P B2
0 0 3 0 0 0 3 0
Part e.
0 vyt o 0o )0 V1 0 o -1 0 V2 0 -
o V2 o0 1o V2 o0 0 -1 0 e
A 1 w 1 1 mw
Nt A A 7
0 0 V3 0 0 0 3 0 0 6 0 -1
Part f.

The definition of Hermitian conjugate is M' =(M")", so px=p'3" = (%p)' =[(xp)"]*

Thus, to find px, we may transpose xp which we calculated in the previous part, and then take
its complex conjugate.



Part g.

>(.
1 0 2 o0 1 0 2 0
1 0 -6 0 -1 0 -6
fn Ty 1 me :lma)
px=((xp)’) i V2 0 10 Sap|v2 0 10
0 J6 0 -1 0 J6 0 -1
Part h.
-1 0 2 0 -1 0 2 o0 200 0 0
: 1 0 6 ) 0 -1 0 —/6 ) 0 2 0 0
AA A A mw maw maw
Xp-pr=1-——t 2 0 -1 0 =2 0 -1 0 ——¢ 0 0 -2 0
i2p —i28 28
0 —J6 0 -1 0 J6 0 -1 0 0 0 -2

Since f*=mw /%, wehave Imo _1mo n 17

i2f i 2 mo i2

=—tin, and #p-pi=—Lin(-21)=inl

So we find [#,p]=inl , which is a general property about the position and momentum operators
in any context, including, here, the harmonic oscillator.
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Consider a two-state quantum system. In the orthonormal and complete set of basis kets
|1y and |2), the Hamiltonian operator for the system is represented by (& >0):

H=10he|1)(1| -3ha| 12 | -3ho | 2)(1| +2ha| 2)(2].

Let us consider another orthonormal and complete basis, |) and | #), such that a |la)=E, |a)
and H|pB) = E,|p) (with E, <E,). Let the action of some operator A on the basis kets | o) and
| B) be given by
Ala)y=2ia|B) and A|B)=-2ia|a)-3a|B),

where g isrealand a>0.

a. Show that A is Hermitian, and find its eigenvalues.
Answer the next two independent parts based on the information given above:
PART I - Suppose an A -measurement is carried out at time t =0 on an arbitrary state, and the
largest possible value is obtained.

b. Calculate the probability P(t) that another measurement made at some later time ¢ will
yield the same value as the one measured at t+=0.
c. Calculate the time dependence of the expectation value (A} . Plot (A)(t) as a function of

time. What is the minimum value of (A) ? At what time is it first achieved?

PART II - Suppose that the average value obtained from a large number of A-measurements
on identical quantum states at a given time is —a/4 .

d. Construct the most general normalized ket (just before the A -measurement) for the
system consistent with this information. Express your answer as C|a)+D|S) .



Related to QM B4 -- full solutions elsewhere

ﬁ=10ha)|1)(1|—3ha)|1>(2|—3ha)|2)(1|+2ha)|2>(2|=ha)[ig _23J
10-4 -3
‘—3 2-2
20-104+ 42 -24-9=0 = A*-124+11=0
D=b*—4dac=(-12)* -4-1-11=144 - 44 =100
—b+JD 12+10
20 2
E =how
E, =11he

‘:0 = (10-4)(2-4)-9=0 = 10(2-4)-A2-4)-9=0 =

A= =6t5=1o0rl1l

A|a)=2ia|ﬂ) and A|ﬂ)=—2ia|a)—3a|/3} , SO

A:[<a|ﬁ|a> <a|A|ﬂ>J
(BlAla)y (BIA|B)

From A|a)=2ia| ) and A|p)=-2ia|a)-3a|B) we find
(| Alar)=(ar|2ia| B)=0
(a|A|B)=(a|-2ia|a)~{(a|3a| B)=-2ia

(B A|a)=(B|2ia| B)=2ia
(BIA|B)y=—p|2iala)—(B|3a| B)=-3a

A 0 —216! A A A N
We find A =( ) 3 j . We note that, for this matrix, A" =(A")*=A, so A is Hermitian.
ia —3a
Eigenvalues:
0-4 -2i
_ 20 =—A(-3a- ) 4a® = 22 + 3al - 4a?
2ia  -3a-A
A% +3al—4a®

D =B’ -4AC =94* —4*1* (—4a*) = 254>

_—3ai\/5_—3ai5a_
2 2

A a or —4a



Apr=05-05 10:42am  From=UIC PHYSICS DEPT +31209968016 T-604 P.03/10 F-835

Ql) In the H) \9_> &mg.s Hois re,?res;enmd ua TRG WWAPIA (= \ghm zh.,o)

QM B4
l"b& \P’> are @48@\;@&0(5 0_( H with (',,“C eInga&wx (Eia’.E.z)

Fiod them - 4 (“’“‘”'* 9"’“">=o 5 Tt D 5 A€, = o

e 2 ’)\f €, - 1w
LEVELSE COA \d)=r\}l—w(;)=$\{7+%\1
= L3\ 25— L
Iy \{T&‘(w): \IE‘\D \W\Q)

) 0 ~2ibg
Inthe |4 }]F,> bosig , A [T relsmgan+ec‘ %a the matrix A= < ] -3a,,>

2.0,

‘h ‘_) '.2-':‘19
The ergenvoiues o]f A are  def =0 ¥ )\ =0, "\%—,ld)i— _,,“57
' 8 2w, ~A3e, Y\, ol V5
==40a, 2L
. 2¢____ Y \l"\ > L ‘5>
wer L S Efﬁewecbrf; expe

) ArmméuremenJC lale,lclu\j -H\e- larEBS'I' Foe’ailue \/QQM&'L
(N‘\ue’;l l‘\D.\JE, —‘Cau.ncl Oy ,-;:,mce, Q ‘70) Cﬁllalsséé l'\l’(o)> '1‘0 -ﬂ\ﬂ
&jené-la’(& of A Witk aﬂ%\fﬂ(u@ a, (Reduckos &me.o;mmJ( Fos-lu lawLa)

n Ja, | g basis

\\/(.°)>= —— \OI.> 4+ - “.5>
Swnce H’(nD has alrmcla heen exfre,:ﬁecj in fecms o{ likl—m:cjmﬂ-lnjreﬁjfjf = ivia
+o Lorite ﬂ"’& Hme e,Vpleon/

-—{,u.)t - “Lth
\Yery - [a)c—:c +%-[p>e



Apr=05-05 10:42am  From=UIC PHYSICS DEPT +3120980018 T-804  P.04/10  F-8%5
:E o‘( mmﬁuﬂl\a O, O.C}u-ih eans CQ.lCummhg < W) | Y 2

-uat

2 Swt ~ufwt =
* FL S = ‘ = ﬂ- ..8-. Wt
B2 2L ( M) 2 Geguso
\E“a
{.___...v—--v-v--—-....--""'
ol e:xrramcl wrt [, |7
{)QS}E
ot -t
Wt ot o -2\ | &e ot et [2e
() <A>(t)‘= (F"l :LE, O ] ) \’.'gl_i“wt _-95—?(9.@4 -—LE -\,L\)'t e
5 \,El 2-1.;« -2 _'J'—Sﬁq' L"L-E. ’_awe
\ y /
| A W) o
. G (ut oy @i‘OWEE) _ (BCostout -3)a0 % o,
5 5_ ! “/5;.3 .
o |
3

PARTT: Lot the Praloo.L Q,ljra { ok'lamma Q, be lcfl > FNLML Q,-L(,’ ,f.a(ﬁ-lam,;\g
~lq, will ke ({ |c1|) | |
(v \elags (1) tag = =52 > el 2
L%
7 H’>= -\Jg-l‘ﬂ>+ﬂ%_-*16> where § s an Gkrlawlmra [ase fnc:,wr

and “25) and l6> Qre mamvm%r.s cif A with
P_.eaemlalue_s o, & ~Hao, r65,:e¢+Va%

From D‘mﬁomﬁt:’.ﬂ'hm f A before , we hove Ry m[oﬂ‘>+ﬁ—~|fé>
cad (8- lﬂ‘>—ﬁl#>

[

;;.H/>,_#( Id?+-—-“},‘?>+""‘“(r]o!> ‘fﬁ)) ( ’*""”>*’(a\r' @)]



	Solutions - QM.pdf
	QM A1A2B1B3
	QM A3A4B2
	QM B4




