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(SOLUTIONS FOR A1, A2, B1 GIVEN ELSEWHERE) 

THERMO A3 

Using the first law of thermodynamics, write down the expression for the differential of internal energy 
𝑑𝐸 in a reversible process for a system that can only do work by expansion, in variables V and S. Show 
how this leads to the definition of the Gibbs free energy G in variables T and P and write the expression 
for 𝑑𝐺 in these variables. Write down the Maxwell relation following directly from this last expression 
for 𝑑𝐺. 

Solution: 𝛿𝑄 = 𝑑𝐸 + 𝛿𝑊, 𝑑𝐸 = 𝑝𝑑𝑉, 𝛿𝑄 = 𝑇𝑑𝑆, 𝑑𝐸 = −𝑝𝑑𝑉 + 𝑇𝑑𝑆. 
𝐺 = 𝐸 + 𝑝𝑉 − 𝑇𝑆, 𝑑𝐺 = 𝑉𝑑𝑃 − 𝑆𝑑𝑇. 
(𝜕𝑉/𝜕𝑇)𝑃 = −(𝜕𝑆/𝜕𝑃)𝑇. 
 

THERMO A4 

A reversible Carnot cycle is used in an electrically-powered heat pump to maintain a 20°C room 

temperature in a building while the outside air temperature is 4°C. Heat flow through the surface of the 

building at these conditions amounts to 10 kW. What is the minimum power that this heat pump must 

consume from the electric power source? 

Solution: Rate of heat released by heat pump to the building (denote it P2) should balance the outflow 

through its surface. Let P1 be the rate of heat absorption from the outside air. Then P1/T1 = P2/T2 and P1 

= P2(T1/T2). The electric power P consumed by the heat pump is at least (P2-P1) = P2(1 – T1/T2) = 10 kW (1 

– 277/293) = 546 W. 

 

THERMO B2 

Suppose that a one-dimensional unbiased random walker starts out at the origin x = 0 at t = 0 and takes 

unit length steps at regular intervals. The probability of a step to the right is p. Define a random variable, 

the first-passage time, equal to the number of steps n it will take for the walker to first reach x = +1. Find 

the probabilities for n to be equal 1, 2, …, 7 for a particular realization of this random walk. 

Solution: 

First, n obviously can’t be odd, so P(2)=P(4)=P(6)=0. 

n=1 means the walker steps to the right on the first step. Therefore, P(1) = 1/2. 
n=3 can only happen in one way: LRR (left, right, right). So P(3)=1/8. 
n=5 can happen as LLRRR or LRLRR. So P(5)=2/25=1/16. 
n=7: LLLRRRR, LLR(LRRR,RLRR), LR(LLRRR,LRLRR). So P(7)=5/27. 
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THERMO B3 

For a classical gas in equilibrium at temperature T, calculate the statistical averages 〈𝑣𝑥𝑣𝑦〉 and 〈𝑣𝑥
2𝑣𝑦

2〉. 

Here 𝑣𝑥, 𝑣𝑦 are the Cartesian components of the velocity of a given particle of mass m. 

Solution: The x and y components of the velocity are uncorrelated because they enter the Hamiltonian 

in a separable way, so 〈𝑣𝑥𝑣𝑦〉 = 〈𝑣𝑥〉〈𝑣𝑦〉0. Similarly, 〈𝑣𝑥
2𝑣𝑦

2〉 = 〈𝑣𝑥
2〉〈𝑣𝑦

2〉. But 𝑚〈𝑣𝑥
2〉/2 = 𝑘𝑇/2 (by the 

equipartition theorem), and 〈𝑣𝑥
2〉 = 𝑘𝑇/𝑚. Therefore, 〈𝑣𝑥

2𝑣𝑦
2〉 = (𝑘𝑇/𝑚)2. 

 

THERMO B4 

A 3 kg bronze brick heated to 100C is placed in a thermally insulated vessel with 1 kg of ice, which is 

initially at 0C. The whole system is then allowed to reach equilibrium. 

a) What is the final temperature of the system? 
b) How much ice has thawed? 
c) What is the total change of entropy of the system? 

Reference data: Specific heat of water: 4186 J/(kgK). Specific heat of ice: 2050 J/(kgK). Specific heat of 

bronze: 435 J/(kgK). It takes 334 joules to melt 1 gram of ice. 
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